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Abstract : In this paper, we define the generalized Cesaro difference sequence
space C(,)(A™) and consider it equipped with the Luxemburg norm under which it
is a Banach space and we show that in the space C,)(A™) every weakly convergent
sequence on the unit sphere converges is the norm, where p = (p,,) is a bounded
sequence of positive real numbers with p,, > 1 for all n € N.
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1 Introduction

Let X be a real Banach space and let B(X) and S(X) be the closed unit ball
and the unit sphere of X, respectively. A point z € S(X) is called an extreme
point if for any y, z € B(X) the equality 22 = y + z implies y = z.

A Banach space X is said to have property (H) if every weakly convergent
sequence on the unit sphere is convergent in norm.

For a real vector space X, a function ¢ : X — [0, o0] is called a modular if it
satisfies the following conditions:

(i) o(z) =0 if and only if 2 = 0,

(ii) o(ax) = o(x) for all scalar « with |a| =1,
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(iil) o(ax + By) < o(z) + o(y) for all z,y € X and all o, 8 > 0 with o+ 5 = 1.
The modular g is called convez if

(iv) o(az+ Py) < ap(x)+ Po(y) for all z,y € X and all o, 8 > 0 with a4+ 3 = 1.
For any modular ¢ on X, the space

Xo={x € X :po(Ax) < oo for some A > 0}

is called the modular space. If p is a convex modular, the functions
. x
2 :mf{)\> 0: Q(X) < 1},

1
lillo = nf & (1+ o(ka))

are two norms on X,, which are called the Luzemburg norm and the Amemiya
norm, respectively. These norms are equivalent (see [I]).
Let us denote by £° the space of all real sequences. The Cesaro sequence spaces

o0 n p
cesp:{$€€012<n12|x(i)|> <oo},1§p<oo
n=1 i=1

and
n
CESoe = {x e supn! Z |z ()] < oo}
" i=1

have been introduced by Shiue [2]. Jagers [3] has determined the Kéthe duals of the
sequence space ces, (1 < p < 00). It can be shown that the inclusion ¢, C ces,
is strict for 1 < p < oo although it does not hold for p = 1. Some geometric
properties of the Cesaro sequence space have been studied by Cui and Hudzik [45],
Cui et al. [6], Karakaya [7], Lee [8], Leibowitz [9], Maligranda [10], Maligranda
et al. [11], Mursaleen et al. [12], Musielak [I], Petrot and Suantai [I314], Sanhan
and Suantai [I5], Simsek et al. [16], Suantai [I7,18] and many others.

The difference sequence spaces £ (A), ¢(A) and ¢ (A), consisting of all real
valued sequences = (x (k)) such that Az = (x (k) — 2 (k+ 1)) in the sequence
spaces {, ¢ and cg, were defined by Kizmaz [19]. The idea of difference sequences
was generalized by Et and Colak [20]. Later on difference sequence spaces have
been studied by Altin [21], Altay and Basar [22], Bhardwaj and Bala [23], Et et
al. [241125], Isik [26], Srivastava and Kumar [27], Tripathy et al. [28-36] and many
others. Recently, Et [37] defined the Cesaro difference sequence space Cp,(A™) as
follows:

e} n p
1
Cp(Am):{xGEO: g (ﬁ E |Amx(kz)|> < 00, 1§p<oo},
n=1 k=1

where m € N (the set of positive integers), A%z = (x (k)), Az = (z (k)—=z (k + 1)),
Amg = (A™z (k) = (A™ 1z (k) — A™ 1z (k + 1))
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m

and so that A™z (k) = 3 (—=1)"(")z (k + v). The space Cp(A™) is a Banach
v=0
space for 1 < p < oo normed by

n=1

lll, = glx(i)l + <Z < ZIA’” )p)%.

Let p = (pn) be a sequence of positive real numbers with p,, > 1 for all n € N.
Now we define the generalized Cesaro difference sequence space C(,)(A™) by

Cipy(A™) = {z € (% pam(Az) < 00 for some A > 0},

where

SREED SECIES of 5 oAl 9
n=1 k=1

=1

We consider the space C(,)(A™) equipped with Luxemburg norm
. x
Ilz]| :1nf{)\>0:pAm (X) Sl}. (1.1)
If p = (pn) is bounded, then we have

Cipy(A™) = {:c = x( Z (% > |Amx(k)|> < oo} .
k=1

Throughout this paper we assume that p = (p,) is bounded with p,, > 1 for all
n € N and M = supp,.
n

2 Main Results

We begin establishing some basic properties of modular on the space C(y,) (A™).
Theorem 2.1. The functional pam on Cpy(A™) is a convex modular.

Proof. We have

pan) =0 = pe(0)= 310+ 3 (E S s ) =0
=1 n=1 k=1
= Yl =0and 3 (3 ]an <k>|> =0
=1 n=1 k=1

<— z=0.
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It is obvious that pam(ax) = pam(z) for all scalar o with |o| = 1. If z,y €
Cip(A™) and o > 0,8 > 0 with a + 3 = 1, by the convexity of the function
t — [t|P" for every n € N and the linearity of the operator A™, we have

pam(azx + By) = Z la (i) + By(i)| + Z <l > IA™ (ax(k) + 5y(k))|>
n=1 k=

<> (ale@)] +Bly(@) + <a< ZIA’” )

8 (%Z Ay (k |>>
k=1

<a2|x |+ﬂZIy |+az< mex(kn)m

n=1 k=1

L5y (% Z|Amy<k>|>

n=1 k=1
= apam(x) + Bpan (). 0

The proofs of the following two theorems can be established using known and
standard techniques. Therefore we state the theorems without proof.

Theorem 2.2. For x € C,)(A™), the modular pam on Cy(A™) satisfies the
following properties:

(i) f0<a <1, then aMpAm (%) < pam () and pam(ax) < apam(x),
(ii) if a > 1, then pam(z) < aMpam (£),

(133) if a > 1, then pam(x) < apam(z) < pam(az).

Theorem 2.3. For any x € C,)(A™), we have
() if =l <1, then pam(z) < ||,

(i) if |=ll > 1, then pam () > [|2[|,

(#i7) ||z|| =1 if and only if pam(z) =1,

() |lz|l < 1 if and only if pam(z) < 1,

(v) |zl > 1 4f and only if pam(x) > 1,

(vi) if0<a<1 and ||z| > a, then pam(z) > a™
i)

ifa>1 and ||z| < a, then pam(x) < a™

Theorem 2.4. The sequence space C(,(A™) is a Banach space normed by (L.
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Proof. It is a routine verification that C(,)(A™) is a normed space normed by (LTJ).

To show that C(,)(A™) is complete, let (x,) be a Cauchy sequence in C(,)(A™)
and € € (0,1). For H = max {1, M}, there exists ng such that

lxs — x| = inf{)\ >0:pam <:CS )\mt) < 1} <ef

for all s,t > ng. By Theorem [Z3|¢) we have

pam(zs —x¢) < |lzs — 24| < (2.1)
for all s,t > ng, which means that

SIURRITED 91 £ USTNERPICT) I
=1 k=1

n=1

for all s,t > ng. We have
m
. ) €
S lasi) — wli)] < 5
i=1

and
n

= (1
> (1
n=1 k

For fixed © € N, we can write

[A™ (s (k) = xt(’f))l) <

N ™

|25 (i) — 24 (3)] < g

Hence we obtain that the sequence (x:(7)) is a Cauchy sequence in R. Since R is
complete, x;(i) — x(i) as t — co. We have

20) — ()] < 5

and

3
~
S|
[]=
>
3
=

IV}

-
S~—

\

8
—
=

~
=
3

AN

| o

for all s > ng. Now we show that the sequence (z(4)) is an element of C(,)(A™).
From the inequality [2I), we can write

pam(Ts — ) — pam(Ts — ),

as t —» oo for all s > ng. Thus we have pam (zs —z) < ||zs — z|| < € for all s > nyg.
Since C(,)(A™) is a linear space, we have 2 = Tp, — (Tn, — ) € C(,)(A™). This
completes the proof.

We state the following result without proof.
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Theorem 2.5. Let (x,) be a sequence in Cp)(A™)
(0) If |lzs|| — 1 as s — oo, then pam(xs) —> 1 as s — 00,
(#3) If pam(xs) — 0 as s — o0, then ||zs|| — 0 as s — oo.
Now we show that C(,)(A™) has the property (H). First we prove the following.

Lemma 2.6. Let x € C(,)(A™) and (z5) € Cipy (A™). If pam(xs) — oam(x) as
s — o0 and AMxs(k) — A™x(k) as s — oo for all k € N, then s — x as
5§ — 00.

m n Pn
Proof. Let € > 0 be given. Since gam(z) = Z |(2)] + Z (% > |Am:c(k)|) <
k=1

=1

o0, there exists kg € N such that
m [e'e) n Pn
, 1 m e 1
S+ Y EZM 2B ) < 3o (2.2)
i=1 n=ko+1 k=1

Since pam (zs) — oam(x) as s — oo and A™x4(k) — A™z(k) as s — oo for
all £ € N, we have

ko 1 n Pn ko Pn
oam (25) Z (E |Amxs(k)|> — oam () — Z ( Z |A™ ( ) .
k=1

n=1 n=1

Thus there exists ng € N such that

ko Pn ko n b
1
pam () _Z< Z|Amx5 ) < pam(x Z <5Z )
n=1 n=t b=t
e 1
+§2—M, for all s >mno  (2.3)
and
ko 1 n b IS
- A™ s k) — A"z (k —. f 1 > 2.4
;<n;’ z4(k) x()\) 5 forall s > no . (2.4)

It follows from (Z2)), 3) and (24]) that for s > ng,
*ﬂf(i)|+z < Z|Amfﬂs A (k )|>
m ko n Pn
UESECEDY (%Z va(h) A%(kﬂ)

n=1

pA'm. — £L'

NE HMS

<
i=1

> (%mems(k)A%(kn)
k=1

n=ko+1
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<o <Z|xs<i>|+2|x<z’>|+ 2 (%ZIA’"%W')

i=1 n=ko+1 k=1
oo n Pn
1
o3 () )
n=ko+1 k=1
1 n Pn m
(23 amel) 43w
i=1

k=1

€

=3 +2M <pAm(xs) —

ko
n=1

S (%Zm%(kn) )
k=1

n=ko+1
5 o1 S| -
M m .
<gt2 <PAM($)—Z (5 A x(k?)|> +§2—M+Z|$(l)|
n=1 k=1 i=1
o] 1 n Pn
r 3 (A3 )
n=ko+1 k=1
€ oM m €
=5 +2 (2 (@) +2 Y (E oA :c(k)|> + §2—>
=1 n=ko+1 k=1
€ e 1 e 1
< - 42M (2=
=37 <32M+1 32M>
_e, e £,
33 3 7
This show that pam(xs — ) — 0 as s — oco. Hence, by Theorem [Z5)ii), we
have ||zs — x| — 0 as s — co. O

Theorem 2.7. The space C(,,(A™) has the property (H).

Proof. Let & € S(C,)(A™)) and (z5) € C(,)(A™) such that ||lz,|| — 1 and
Ty — x as s —» 0o. From Theorem 2.3(iii), we have pam(z) = 1, so it follows
from Theorem 2.5 (¢) that pam(zs) — pam(x) as s — 0o. Since the mapping
i : Cpy(A™) — R, defined by pi(y) = A™y(k), is a continuous linear functional
on Cp) (A™), it follows that A™x,(k) — A™x(k) as s — oo for all k € N. Thus,
we obtain by Lemma 2.6 that xs — x as s — 0. O
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