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ON WIJSMAN I− LACUNARY STATISTICAL EQUIVALENCE

OF ORDER (η, µ)

HACER ŞENGÜL

Abstract. The idea of asymptotically equivalent sequences and asymptotic
regular matrices was introduced by Marouf [ Marouf, M. Asymptotic equiva-

lence and summability, Int. J. Math. Sci. 16(4) 755-762 (1993) ] and Pat-
terson [ Patterson, RF. On asymptotically statistically equivalent sequences,

Demonstr. Math. 36(1), 149-153 (2003) ] extended these concepts by pre-

senting an asymptotically statistical equivalent analog of these definitions and
natural regularity conditions for nonnegative summability matrices. In this

paper we introduce the concepts of Wijsman asymptotically I−lacunary sta-

tistical equivalence of order (η, µ) and strongly asymptotically I−lacunary
equivalence of order (η, µ) of sequences of sets and investigated between their

relationship.

1. Introduction

The concept of statistical convergence was introduced by Fast [10] and Steinhaus
[23] and later reintroduced by Schoenberg [22]. Later on it was further investigated
from the sequence space point of view and linked with summability theory by Çakallı
[4], Çolak [5], Connor [3], Et et al. ([6], [7], [8], [9]), Altınok et al. [1], Işık and Altın
[15], Işık and Akbaş [14], Fridy [12], Salat [24], Belen et al. [2], Şengül ([31], [32]),
Şengül and Et [33], Ulusu and Savaş [37] and many others. Nuray and Rhoades
[19] extended the notion of convergence of set sequences to statistical convergence,
and gave some basic theorems. Ulusu and Nuray ([35], [36]) defined the Wijsman
lacunary statistical convergence of sequence of sets, and considered its relation with
Wijsman statistical convergence.

Let X be non-empty set. Then a family of sets I ⊆ 2X (power sets of X) is said
to be an ideal if I is additive i.e. A, B ∈ I implies A ∪ B ∈ I and hereditary, i.e.
A ∈ I, B ⊂ A implies B ∈ I.

A non-empty family of sets F ⊆ 2X is said to be a filter of X iff
(i) ∅ /∈ F ,
(ii) A, B ∈ F implies A ∩B ∈ F ,
(iii) A ∈ F , A ⊂ B implies B ∈ F .
An ideal I ⊆ 2X is called non-trivial if I 6= 2X .
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A non-trivial ideal I is said to be admissible if I ⊃ {{x} : x ∈ X} .
If I is a non-trivial ideal inX(X 6= ∅) then the family of sets F (I) = {M ⊂ X : (∃A ∈ I) (M = X \A)}

is a filter of X, called the filter associated with I.
Let (X, ρ) be a metric space. For any point x ∈ X and any non-empty subset A

of X, we define the distance from x to A by

d (x,A) = inf
a∈A

ρ (x, a) .

Let (X, ρ) be a metric space. For any non-empty closed subsets A, Ak ⊆ X, we
say that the sequence {Ak} is Wijsman convergent to A if

lim
k→∞

d (x,Ak) = d (x,A)

for each x ∈ X. In this case we write W − limAk = A.
Throughout the paper I will stand for a non-trivial admissible ideal of N.
Let (X, ρ) be a metric space. For any non-empty closed subset Ak of X, we say

that the sequence {Ak} is bounded if supk d (x,Ak) < ∞ for each x ∈ X. In this
case we write {Ak} ∈ L∞.

The idea of I−convergence of real sequences was introduced by Kostyrko et al.
[16] and also independently by Nuray and Ruckle [20] (who called it generalized
statistical convergence) as a generalization of statistical convergence. Later on
I−convergence was studied in ([9], [30], [17], [25], [26], [27], [28], [29], [34], [38]).

2. Main Results

Marouf [18] presented definitions for asymptotically equivalent sequences and
asymptotic regular matrices. Patterson [21] extended these concepts by present-
ing an asymptotically statistical equivalent analog of these definitions and natural
regularity conditions for nonnegative summability matrices.

In this part, we investigate the relation between the concepts of Wijsman asymp-
totically I−lacunary statistical equivalence of order (η, µ) and strongly asymptot-
ically I−lacunary equivalence of order (η, µ) for 0 < η ≤ µ ≤ 1.

Definition 2.1. Let (X, ρ) be a metric space, 0 < η ≤ µ ≤ 1 and I ⊆ 2N be an
admissible ideal of subsets of N. For any non-empty closed subsets Ak, Bk ⊂ X
such that d (x,Ak) > 0 and d (x,Bk) > 0 for each x ∈ X, we say that the sequences
{Ak} and {Bk} are asymptotically I−statistical equivalent of order (η, µ) (Wijsman
sense) of multiple L if for every ε > 0, δ > 0,{

n ∈ N :
1

nη

∣∣∣∣{k ≤ n :

∣∣∣∣d (x,Ak)

d (x,Bk)
− L

∣∣∣∣ ≥ ε}∣∣∣∣µ ≥ δ} ∈ I.
In the present case, we write Ak

WSµη (I)
∼ Bk.

Definition 2.2. Let (X, ρ) be a metric space, θ be a lacunary sequence, 0 < η ≤
µ ≤ 1 and I ⊆ 2N be an admissible ideal of subsets of N. For any non-empty closed
subsets Ak, Bk ⊂ X such that d (x,Ak) > 0 and d (x,Bk) > 0 for each x ∈ X,
we say that the sequences {Ak} and {Bk} are asymptotically I−lacunary statistical
equivalent of order (η, µ) (Wijsman sense) of multiple L if for every ε > 0, δ > 0,{

r ∈ N :
1

hηr

∣∣∣∣{k ∈ Ir :

∣∣∣∣d (x,Ak)

d (x,Bk)
− L

∣∣∣∣ ≥ ε}∣∣∣∣µ ≥ δ} ∈ I.
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In the present case, we write Ak
WSµη (θ,I)
∼ Bk.

As an example, consider

Ak =

{
{x− 2yk2}, if k is a square integer
{2x}, otherwise

,

Bk =

{
{x− 3yk2}, if k is a square integer
{2x}, otherwise

,

sequences and let (R, ρ) be a metric space such that for x, y ∈ X, d (x, y) = |x− y|
and L = 1. Since

1

hηr

∣∣∣∣{k ∈ Ir :

∣∣∣∣d (x,Ak)

d (x,Bk)
− 1

∣∣∣∣ ≥ ε}∣∣∣∣µ ≥ δ
for η = 1

2 and µ = 3
5 , the sequences {Ak} and {Bk} are asymptotically I−lacunary

statistical equivalent of order (η, µ) (Wijsman sense) ; that is Ak
WSµη (θ,I)
∼ Bk.

Definition 2.3. Let (X, ρ) be a metric space, θ be a lacunary sequence, 0 < η ≤
µ ≤ 1 and I ⊆ 2N be an admissible ideal of subsets of N. For any non-empty closed
subsets Ak, Bk ⊂ X such that d (x,Ak) > 0 and d (x,Bk) > 0 for each x ∈ X,
we say that the sequences {Ak} and {Bk} are strongly asymptotically I−lacunary
equivalent of order (η, µ) (Wijsman sense) of multiple L if for every ε > 0,{

r ∈ N :
1

hηr

(∑
k∈Ir

∣∣∣∣d (x,Ak)

d (x,Bk)
− L

∣∣∣∣
)µ
≥ ε

}
∈ I.

In the present case, we write Ak
WNµη [θ,I]
∼ Bk.

As an example, consider the following sequences

Ak =

{
{x− 2y2k}, if k is a square integer
{x2}, otherwise

,

Bk =

{
{x− 5y2k}, if k is a square integer
{x2}, otherwise

,

and let (R, ρ) be a metric space such that for x, y ∈ X, d (x, y) = |x− y| , L = 1.
Since

1

hηr

(∑
k∈Ir

∣∣∣∣d (x,Ak)

d (x,Bk)
− 1

∣∣∣∣
)µ
≥ ε

for η = 1
2 and µ = 4

5 , the sequences {Ak} and {Bk} are strongly asymptotically

I−lacunary equivalent of order (η, µ) (Wijsman sense); that is Ak
WNµη [θ,I]
∼ Bk.

Theorem 2.1. Let (X, ρ) be a metric space, 0 < η ≤ µ ≤ 1, θ = {kr} be a lacunary
sequence and let Ak, Bk be non-empty closed subsets of X.

i) If Ak
WNµη [θ,I]
∼ Bk, then Ak

WSµη (θ,I)
∼ Bk,

ii) If Ak
WSµη (θ,I)
∼ Bk and {Ak} ∈ L∞, then Ak

WNµη [θ,I]
∼ Bk for η = µ.

Proof. Omitted. �
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Theorem 2.2. Let 0 < η ≤ µ ≤ 1. If θ = {kr} is a lacunary sequence with

lim infr qr > 1, then Ak
WSµη (I)
∼ Bk implies Ak

WSµη (θ,I)
∼ Bk.

Proof. Let Ak, Bk be non-empty closed subsets of X. Suppose first that lim infr qr >
1; then we have qr ≥ 1 + λ for λ > 0 and sufficiently large r. So we can write

hr
kr
≥ λ

1 + λ
=⇒

(
hr
kr

)η
≥
(

λ

1 + λ

)η
=⇒ 1

kηr
≥ λη

(1 + λ)
η

1

hηr
.

If Ak
WSµη (I)
∼ Bk, then for every ε > 0 and each x ∈ X, we have

1

kηr

∣∣∣∣{k ≤ kr :

∣∣∣∣d (x,Ak)

d (x,Bk)
− L

∣∣∣∣ ≥ ε}∣∣∣∣µ ≥ 1

kηr

∣∣∣∣{k ∈ Ir :

∣∣∣∣d (x,Ak)

d (x,Bk)
− L

∣∣∣∣ ≥ ε}∣∣∣∣µ
≥ λη

(1 + λ)
η

1

hηr

∣∣∣∣{k ∈ Ir :

∣∣∣∣d (x,Ak)

d (x,Bk)
− L

∣∣∣∣ ≥ ε}∣∣∣∣µ .
For δ > 0, we have{

r ∈ N :
1

hηr

∣∣∣∣{k ∈ Ir :

∣∣∣∣d (x,Ak)

d (x,Bk)
− L

∣∣∣∣ ≥ ε}∣∣∣∣µ ≥ δ}
⊆

{
r ∈ N :

1

kηr

∣∣∣∣{k ≤ kr :

∣∣∣∣d (x,Ak)

d (x,Bk)
− L

∣∣∣∣ ≥ ε}∣∣∣∣µ ≥ δλη

(1 + λ)
η

}
∈ I.

This completes the proof. �

Theorem 2.3. Let 0 < η ≤ µ ≤ 1. If limr→∞ inf
hηr
kr
> 0 then Ak

WS(I)∼ Bk implies

Ak
WSµη (θ,I)
∼ Bk.

Proof. Let (X, ρ) be a metric space and Ak, Bk be non-empty closed subsets of X.

If limr→∞ inf
hηr
kr
> 0, then{

k ≤ kr :

∣∣∣∣d (x,Ak)

d (x,Bk)
− L

∣∣∣∣ ≥ ε} ⊃
{
k ∈ Ir :

∣∣∣∣d (x,Ak)

d (x,Bk)
− L

∣∣∣∣ ≥ ε}
1

kr

∣∣∣∣{k ≤ kr :

∣∣∣∣d (x,Ak)

d (x,Bk)
− L

∣∣∣∣ ≥ ε}∣∣∣∣ ≥ 1

kr

∣∣∣∣{k ∈ Ir :

∣∣∣∣d (x,Ak)

d (x,Bk)
− L

∣∣∣∣ ≥ ε}∣∣∣∣µ
=

hηr
kr

1

hηr

∣∣∣∣{k ∈ Ir :

∣∣∣∣d (x,Ak)

d (x,Bk)
− L

∣∣∣∣ ≥ ε}∣∣∣∣µ .
So {

r ∈ N :
1

hηr

∣∣∣∣{k ∈ Ir :

∣∣∣∣d (x,Ak)

d (x,Bk)
− L

∣∣∣∣ ≥ ε}∣∣∣∣µ ≥ δ}
⊆

{
r ∈ N :

1

kr

∣∣∣∣{k ≤ kr :

∣∣∣∣d (x,Ak)

d (x,Bk)
− L

∣∣∣∣ ≥ ε}∣∣∣∣ ≥ δ hηrkr
}
∈ I

which implies that Ak
WSµη (θ,I)
∼ Bk. �

Theorem 2.4. Let (X, ρ) be a metric space and Ak, Bk be non-empty closed sub-

sets of X. If θ = {kr} is a lacunary sequence with lim sup
(kj−kj−1)η

kηr−1
< ∞ (j =

1, 2, ..., r), then Ak
WSµη (θ,I)
∼ Bk implies Ak

WSµη (I)
∼ Bk.
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Proof. If lim sup
(kj−kj−1)η

kηr−1
< ∞, then there exists a 0 < Bj < ∞ such that

(kj−kj−1)η

kηr−1
< Bj , (j = 1, 2, ..., r) for all r ≥ 1. Suppose that Ak

WSµη (θ,I)
∼ Bk

and for ε, δ, δ1 > 0 define the sets

C =

{
r ∈ N :

1

hηr

∣∣∣∣{k ∈ Ir :

∣∣∣∣d (x,Ak)

d (x,Bk)
− L

∣∣∣∣ ≥ ε}∣∣∣∣µ < δ

}
∈ F(I)

and

T =

{
n ∈ N :

1

nη

∣∣∣∣{k ≤ n :

∣∣∣∣d (x,Ak)

d (x,Bk)
− L

∣∣∣∣ ≥ ε}∣∣∣∣µ < δ1

}
.

Further we can write

ai =
1

hηi

∣∣∣∣{k ∈ Ii :

∣∣∣∣d (x,Ak)

d (x,Bk)
− L

∣∣∣∣ ≥ ε}∣∣∣∣µ < δ

for all i ∈ C. Let n ∈ N be such that kr−1 < n < kr for some r ∈ C. Now

1

nη

∣∣∣∣{k ≤ n :

∣∣∣∣d (x,Ak)

d (x,Bk)
− L

∣∣∣∣ ≥ ε}∣∣∣∣µ ≤ 1

kηr−1

∣∣∣∣{k ≤ kr :

∣∣∣∣d (x,Ak)

d (x,Bk)
− L

∣∣∣∣ ≥ ε}∣∣∣∣µ
≤ 1

kηr−1

∣∣∣∣{k ∈ I1 :

∣∣∣∣d (x,Ak)

d (x,Bk)
− L

∣∣∣∣ ≥ ε}∣∣∣∣µ + ...

+
1

kηr−1

∣∣∣∣{k ∈ Ir :

∣∣∣∣d (x,Ak)

d (x,Bk)
− L

∣∣∣∣ ≥ ε}∣∣∣∣µ
=

kη1
kηr−1

1

hη1

∣∣∣∣{k ∈ I1 :

∣∣∣∣d (x,Ak)

d (x,Bk)
− L

∣∣∣∣ ≥ ε}∣∣∣∣µ
+

(k2 − k1)
η

kηr−1

1

hη2

∣∣∣∣{k ∈ I2 :

∣∣∣∣d (x,Ak)

d (x,Bk)
− L

∣∣∣∣ ≥ ε}∣∣∣∣µ
+...+

(kr − kr−1)
η

kηr−1

1

hηr

∣∣∣∣{k ∈ Ir :

∣∣∣∣d (x,Ak)

d (x,Bk)
− L

∣∣∣∣ ≥ ε}∣∣∣∣µ
≤ sup

i∈C
ai.
kη1 + (k2 − k1)

η
+ ...+ (kr − kr−1)

η

kηr−1

≤ sup
i∈C

ai (B1 +B2 + ...+Br) < δ

r∑
j=1

Bj .

Choosing δ1 = δ
r∑
j=1

Bj

and in view of the fact that ∪{n : kr−1 < n < kr , r ∈ C} ⊂ T

where C ∈ F(I). Thus T ∈ F(I) is obtained. �

Theorem 2.5. Let Ak, Bk be non-empty closed subsets of X and η1, η2, µ1 and µ2

be positive real numbers such that 0 < η1 ≤ η2 ≤ µ1 ≤ µ2 ≤ 1, then Ak
WNµ2η1

[θ,I]
∼ Bk

implies Ak
WNµ1η2

[θ,I]
∼ Bk, but the converse doesn’t hold.

Proof. The first part of the proof is easy and so omitted. To show the converse;
define two sequences {Ak} and {Bk} and consider metric space (R, ρ) such that for
x > 1,

Ak =

{ {
x2 + x− 2

}
, if k is square

{x} , otherwise
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Bk =

{
{1} , if k is square
{0} , otherwise

.

Then Ak
WNµ1η2

[θ,I]
∼ Bk for η2 = µ1 = 1

2 but Ak
WNµ2η1

[θ,I]
� Bk for η1 = 1

4 , µ2 = 1,
and L = 0. �

The following result is a consequence of Theorem 2.5.

Corollary 2.6. Let (X, ρ) be a metric space, θ = {kr} be a lacunary sequence,
0 < η1 ≤ η2 ≤ µ1 ≤ µ2 ≤ 1 and Ak, Bk be non-empty closed subsets of X.

(i) If Ak
WNη1 [θ,I]
∼ Bk implies Ak

WNη2 [θ,I]
∼ Bk for µ1 = µ2 = 1.

(ii) If Ak
WNη1 [θ,I]
∼ Bk implies Ak

WN [θ,I]∼ Bk for η2 = µ1 = µ2 = 1.

Theorem 2.7. Let η1, η2, µ1 and µ2 be positive real numbers such that 0 < η1 ≤

η2 ≤ µ1 ≤ µ2 ≤ 1, then Ak
WSµ2η1

(θ,I)
∼ Bk implies Ak

WSµ1η2
(θ,I)
∼ Bk, but the converse

doesn’t hold.

Proof. The first part of the proof is easy and so omitted. To show the converse;
define two sequences {Ak} and {Bk} and consider metric space (R, ρ) such that for
x > 1,

Ak =

{ {
(x, y) ∈ R2, (x− 2)

2
+ y2 = k2

}
, if kr−1 < k < kr−1 +

[√
hr
]

{(0, 0)} , otherwise
,

Bk =

{ {
(x, y) ∈ R2, (x+ 2)

2
+ y2 = k2

}
, if kr−1 < k < kr−1 +

[√
hr
]

{(0, 0)} , otherwise
.

Then Ak
WSµ1η2

(θ,I)
∼ Bk for η2 = µ1 = 1

2 but Ak
WSµ2η1

(θ,I)
� Bk, for η1 = 1

4 , µ2 = 1
and L = 1. �

Corollary 2.8. Let (X, ρ) be a metric space, θ = {kr} be a lacunary sequence,
0 < η1 ≤ η2 ≤ µ1 ≤ µ2 ≤ 1 and Ak, Bk be non-empty closed subsets of X.

(i) If Ak
WSη1 (θ,I)
∼ Bk implies Ak

WSη2 (θ,I)
∼ Bk for µ1 = µ2 = 1.

(ii) If Ak
WSη1 (θ,I)
∼ Bk implies Ak

WS(θ,I)∼ Bk for η2 = µ1 = µ2 = 1.

In [11], It is defined that the lacunary sequence θ
′

= {sr} is called a lacunary
refinement of the lacunary sequence θ = {kr} if {kr} ⊆ {sr} . In [13], the inclusion
relationship between Sθ and Sθ′ is studied.

Theorem 2.9. Suppose θ′ = {sr} is a lacunary refinement of the lacunary sequence
θ = {kr} . Let Ir = (kr−1, kr] and Jr = (sr−1, sr] , r = 1, 2, 3, .... If there exists
ε > 0 such that for 0 < η1 ≤ η2 ≤ µ1 ≤ µ2 ≤ 1 and

|Jj |η2

|Ii|η1
≥ ε for every Jj ⊆ Ii ,

then Ak
WSµ2η1

(θ,I)
∼ Bk implies Ak

WSµ1η2 (θ′,I)
∼ Bk.
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Proof. For any ε > 0 and every Jj , we can find Ii such that Jj ⊆ Ii; then we can
write

1

|Jj |η2

∣∣∣∣{k ∈ Jj :

∣∣∣∣d (x,Ak)

d (x,Bk)
− L

∣∣∣∣ ≥ ε}∣∣∣∣µ1

=

(
|Ii|η1

|Jj |η2
)(

1

|Ii|η1
) ∣∣∣∣{k ∈ Jj :

∣∣∣∣d (x,Ak)

d (x,Bk)
− L

∣∣∣∣ ≥ ε}∣∣∣∣µ1

≤
(
|Ii|η1

|Jj |η2
)(

1

|Ii|η1
) ∣∣∣∣{k ∈ Ii :

∣∣∣∣d (x,Ak)

d (x,Bk)
− L

∣∣∣∣ ≥ ε}∣∣∣∣µ2

≤
(

1

ε

)(
1

|Ii|η1
) ∣∣∣∣{k ∈ Ii :

∣∣∣∣d (x,Ak)

d (x,Bk)
− L

∣∣∣∣ ≥ ε}∣∣∣∣µ2

,

and so

{
r ∈ N :

1

|Jj |η2

∣∣∣∣{k ∈ Jj :

∣∣∣∣d (x,Ak)

d (x,Bk)
− L

∣∣∣∣ ≥ ε}∣∣∣∣µ1

≥ δ
}

⊆
{
r ∈ N :

(
1

|Ii|η1
) ∣∣∣∣{k ∈ Ii :

∣∣∣∣d (x,Ak)

d (x,Bk)
− L

∣∣∣∣ ≥ ε}∣∣∣∣µ2

≥ δε
}
∈ I.

This completes the proof. �

Theorem 2.10. Suppose θ = {kr} and θ′ = {sr} are two lacunary sequences. Let
Ir = (kr−1, kr], Jr = (sr−1, sr] , r = 1, 2, 3, ..., and Iij = Ii ∩ Jj , i, j = 1, 2, 3, .... If
there exists ε > 0 such that for 0 < η1 ≤ η2 ≤ µ1 ≤ µ2 ≤ 1 and

|Iij |η2

|Ii|η1
≥ ε for every i, j = 1, 2, 3, ..., provided Iij 6= ∅,

then Ak
WSµ2η1 (θ,I)
∼ Bk implies Ak

WSµ1η2 (θ′,I)
∼ Bk.

Proof. Omitted. �

Theorem 2.11. Let θ = {kr} and θ′ = {sr} be two lacunary sequences such that
Ir ⊂ Jr for all r ∈ N and let η1, η2, µ1 and µ2 be such that 0 < η1 ≤ η2 ≤ µ1 ≤
µ2 ≤ 1,

(i) If

lim
r→∞

inf
hη1r
`η2r

> 0 (2.1)

then Ak
WSµ2η2 (θ′,I)
∼ Bk implies Ak

WSµ1η1
(θ,I)
∼ Bk,

(ii) If

lim
r→∞

`r
hη2r

= 1 (2.2)

then Ak
WSµ2η1

(θ,I)
∼ Bk implies Ak

WSµ1η2 (θ′,I)
∼ Bk, where Ir = (kr−1, kr] , Jr =

(sr−1, sr] , hr = kr − kr−1, `r = sr − sr−1.

Proof. (i) Omitted.
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(ii) Let Ak
WSµ2η1

(θ,I)
∼ Bk and (2.2) be satisfied. Since Ir ⊂ Jr, for ε > 0 we may

write

1

`η2r

∣∣∣∣{k ∈ Jr :

∣∣∣∣d (x,Ak)

d (x,Bk)
− L

∣∣∣∣ ≥ ε}∣∣∣∣µ1

=
1

`η2r

∣∣∣∣{sr−1 < k ≤ kr−1 :

∣∣∣∣d (x,Ak)

d (x,Bk)
− L

∣∣∣∣ ≥ ε}∣∣∣∣µ1

+
1

`η2r

∣∣∣∣{kr < k ≤ sr :

∣∣∣∣d (x,Ak)

d (x,Bk)
− L

∣∣∣∣ ≥ ε}∣∣∣∣µ1

+
1

`η2r

∣∣∣∣{kr−1 < k ≤ kr :

∣∣∣∣d (x,Ak)

d (x,Bk)
− L

∣∣∣∣ ≥ ε}∣∣∣∣µ1

≤ (kr−1 − sr−1)
µ1

`η2r
+

(sr − kr)µ1

`η2r

+
1

`η2r

∣∣∣∣{k ∈ Ir :

∣∣∣∣d (x,Ak)

d (x,Bk)
− L

∣∣∣∣ ≥ ε}∣∣∣∣µ1

≤ kr−1 − sr−1

`η2r
+
sr − kr
`η2r

+
1

`η2r

∣∣∣∣{k ∈ Ir :

∣∣∣∣d (x,Ak)

d (x,Bk)
− L

∣∣∣∣ ≥ ε}∣∣∣∣µ1

=
`r − hr
`η2r

+
1

`η2r

∣∣∣∣{k ∈ Ir :

∣∣∣∣d (x,Ak)

d (x,Bk)
− L

∣∣∣∣ ≥ ε}∣∣∣∣µ1

≤ `r − hη2r
hη2r

+
1

hη2r

∣∣∣∣{k ∈ Ir :

∣∣∣∣d (x,Ak)

d (x,Bk)
− L

∣∣∣∣ ≥ ε}∣∣∣∣µ2

≤
(
`r
hη2r
− 1

)
+

1

hη1r

∣∣∣∣{k ∈ Ir :

∣∣∣∣d (x,Ak)

d (x,Bk)
− L

∣∣∣∣ ≥ ε}∣∣∣∣µ2

and so {
r ∈ N :

1

`η2r

∣∣∣∣{k ∈ Jr :

∣∣∣∣d (x,Ak)

d (x,Bk)
− L

∣∣∣∣ ≥ ε}∣∣∣∣µ1

≥ δ
}

⊆
{
r ∈ N :

1

hη1r

∣∣∣∣{k ∈ Ir :

∣∣∣∣d (x,Ak)

d (x,Bk)
− L

∣∣∣∣ ≥ ε}∣∣∣∣µ2

≥ δ
}
∈ I

for all r ∈ N. This implies that Ak
WSµ1η2 (θ′,I)
∼ Bk. �

Theorem 2.12. Let θ = {kr} and θ′ = {sr} be two lacunary sequences such that
Ir ⊆ Jr for all r ∈ N, η1, η2, µ1 and µ2 be fixed real numbers such that 0 < η1 ≤

η2 ≤ µ1 ≤ µ2 ≤ 1. Let (2.1) holds, if Ak
WNµ2η2 [θ′,I]
∼ Bk then Ak

WSµ1η1
(θ,I)
∼ Bk.

Proof. For 0 < η1 ≤ η2 ≤ µ1 ≤ µ2 ≤ 1 and ε > 0, we have∑
k∈Jr

∣∣∣∣d (x,Ak)

d (x,Bk)
− L

∣∣∣∣µ2

≥
∣∣∣∣{k ∈ Ir :

∣∣∣∣d (x,Ak)

d (x,Bk)
− L

∣∣∣∣ ≥ ε}∣∣∣∣µ1

εµ1

and

1

`η2r

∑
k∈Jr

∣∣∣∣d (x,Ak)

d (x,Bk)
− L

∣∣∣∣µ2

≥ 1

`η2r

∣∣∣∣{k ∈ Ir :

∣∣∣∣d (x,Ak)

d (x,Bk)
− L

∣∣∣∣ ≥ ε}∣∣∣∣µ1

εµ1

=
hη1r
`η2r

1

hη1r

∣∣∣∣{k ∈ Ir :

∣∣∣∣d (x,Ak)

d (x,Bk)
− L

∣∣∣∣ ≥ ε}∣∣∣∣µ1

εµ1
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and so {
r ∈ N :

1

hη1r

∣∣∣∣{k ∈ Ir :

∣∣∣∣d (x,Ak)

d (x,Bk)
− L

∣∣∣∣ ≥ ε}∣∣∣∣µ1

≥ δ
}

⊆

{
r ∈ N :

1

`η2r

∑
k∈Jr

∣∣∣∣d (x,Ak)

d (x,Bk)
− L

∣∣∣∣µ2

≥ εµ1δ
hη1r
`η2r

}
∈ I.

Since (2.1) holds it follows that if Ak
WNµ2η2 [θ′,I]
∼ Bk, then Ak

WSµ1η1
(θ,I)
∼ Bk. �
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