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⇒ t ∈
[
0,

(cm)(v + 1)
(bm)(m − v)

]

v v = {0, 1, 2, ..., m − 1}

v = 0

Sm,1(t) ≤ Sm,0(t) t ∈
[
0,

(cm)
(bm)m

]

v = 1

Sm,2(t) ≤ Sm,1(t) t ∈
[
0,

2(cm)
(m − 1)(bm)

]
⊃

[
(cm)

(bm)m
,

2(cm)
(m − 1)(bm)

]



v = m − 1

Sm,m(t) ≤ Sm,m−1(t), t ∈
[
0,

(cm)m
(bm)

]
⊃

[
(m − 1)(cm)

2(bm)
,
(cm)m
(bm)

]

⇒
m∨

v=0
Sm,v(t) = Sm,r(t) r ∈ {0, 1, 2, ..., m − 1} t ∈

[
(cm)r

(bm)(m − r + 1)
,

(cm)(r + 1)
(bm)(m − r)

]

t ∈
[

(cm)r
(bm)(m−r+1) ,

(cm)(r+1)
(bm)(m−r)

]
r ∈ {0, 1, 2, ..., m − 1}

r = 0

t ∈
[
0,

(cm)
(bm)m

]
⇒ 0 ≤ (bm)mt

(cm)
≤ 1 ⇒ 0 ≤

(
m

1

)
((bm)t

(cm)
)1 ≤

(
m

0

)
((bm)t

(cm)
)0

⇒ Sm,1(t) ≤ Sm,0(t)

r = 1

t ∈
[

(cm)
(bm)m

,
2(cm)

(m − 1)(bm)

]
⇒ t ≤ 2(cm)

(m − 1)(bm)
⇒ t ≤

(cm)
(

m
1

)

(bm)
(

m
2

)

⇒ ((bm)t
(cm)

)2
(

m

2

)
≤ ((bm)t

(cm)
)1

(
m

1

)

⇒ Sm,2(t) ≤ Sm,1(t)

r = m − 1

t ∈
[

(cm)(m − 1)
2(bm)

,
(cm)m
(bm)

]
⇒ t ≤ (cm)m

(bm)
⇒ t ≤

(cm)
(

m
m−1

)

(bm)
(

m
m

)

⇒ ((bm)t
(cm)

)m

(
m

m

)
≤ ((bm)t

(cm)
)m−1

(
m

m − 1

)

⇒ Sm,m(t) ≤ Sm,m−1(t)

t ∈
[

(cm)r
(bm)(m − r + 1)

,
(cm)(r + 1)
(bm)(m − r)

]
r ∈ {0, 1, 2, ..., m − 1}

m∨
v=0

Sm,v(t) = Sm,r(t)



r ∈ {0, 1, 2, ..., m − 1} t ∈
[

(cm)r
(bm)(m−r+1) ,

(cm)(r+1)
(bm)(m−r)

]

v ∈ {r + 1, ..., m − 1} v −
√

v + 1 ≥ r

Zv,m,r(t) ≥ Zv+1,m,r(t)

v ∈ {1, 2, ..., r} v +
√

v ≤ r

Zv,m,r(t) ≥ Zv−1,m,r(t)

v ∈ {r + 1, ..., m − 1} v −
√

v + 1 ≥ r

Zv,m,r(t)
Zv+1,m,r(t)

=

(
m
v

)
( (bm)t

(cm) )v
(

v(cm)
(bm)(m−v+1) − t

)
(

m
v+1

)
( (bm)t

(cm) )v+1
(

(v+1)(cm)
(bm)(m−v) − t

)

= 1
( (bm)t

(cm) )
.

m!
v!(m−v)!

m!
(v+1)!(m−v−1)!

.

(
v(cm)

(bm)(m−v+1) − t
)

(
(v+1)(cm)
(bm)(m−v) − t

)

= 1
(bm)
(cm)

.
v + 1
m − v

.
1
t
.

(
v(cm)

(bm)(m−v+1) − t
)

(
(v+1)(cm)
(bm)(m−v) − t

)

f(t) = 1
t
.
( v(cm)

(bm)(m−v+1) −t)
( (v+1)(cm)

(bm)(m−v) −t)

f(t) ≥ f( (cm)(r+1)
(bm)(m−r))

⇒ Zv,m,r(t)
Zv+1,m,r(t)

≥ 1
(bm)
(cm)

.
v + 1
m − v

.
1

(cm)(r+1)
(bm)(m−r)

.

(
v(cm)

(bm)(m−v+1) − (cm)(r+1)
(bm)(m−r)

)
(

(v+1)(cm)
(bm)(m−v) − (cm)(r+1)

(bm)(m−r)

)

⇒ Zv,m,r(t)
Zv+1,m,r(t)

≥ v + 1
r + 1

.
( m−r

m−v+1)(v) − (r + 1)
(v + 1) − (m−v

m−r
)(r + 1)

h(m) = ( m−r
m−v+1 )(v)−(r+1)

(v+1)−( m−v
m−r

)(r+1)

m h(m) ≥ lim
m→∞

h(m)

Zv,m,r(t)
Zv+1,m,r(t)

≥ v + 1
r + 1

. lim
m→∞

( m−r
m−v+1)(v) − (r + 1)

(v + 1) − (m−v
m−r

)(r + 1)

= v + 1
r + 1

.
v − r − 1

v − r



v −
√

v + 1 ≥ r (v + 1)(v − r − 1) ≥ (v − r)(r + 1)

⇒ Zv,m,r(t)
Zv+1,m,r(t)

≥ 1

v ∈ {1, 2, ..., r} v +
√

v ≤ r

Zv,m,r(t)
Zv−1,m,r(t)

=

(
m
v

)
( (bm)t

(cm) )v
(
t − v(cm)

(bm)(m−v+1)

)
(

m
v−1

)
( (bm)t

(cm) )v−1
(
t − (v−1)(cm)

(bm)(m−v+2)

)

= ((bm)t
(cm)

).
m!

v!(m−v)!
m!

(v−1)!(m−v+1)!
.

(
t − v(cm)

(bm)(m−v+1)

)
(
t − (v−1)(cm)

(bm)(m−v+2)

)

= (bm)
(cm)

.
m − v + 1

v
.t.

(
t − v(cm)

(bm)(m−v+1)

)
(
t − (v−1)(cm)

(bm)(m−v+2)

)

f1(t) = t.
(t− v(cm)

(bm)(m−v+1))
(t− (v−1)(cm)

(bm)(m−v+2))

f1(t) ≥ f1( (cm)r
(bm)(m−r+1))

⇒ Zv,m,r(t)
Zv−1,m,r(t)

≥ (bm)
(cm)

.
m − v + 1

v
.

(cm)r
(bm)(m − r + 1)

.

(
(cm)r

(bm)(m−r+1) − v(cm)
(bm)(m−v+1)

)
(

(cm)r
(bm)(m−r+1) − (v−1)(cm)

(bm)(m−v+2)

)

⇒ Zv,m,r(t)
Zv−1,m,r(t)

≥ r

v
.

(m−v+1
m−r+1 )(r) − v

r − (m−r+1
m−v+2)(v − 1)

h1(m) = ( m−v+1
m−r+1 )(r)−v

r−( m−r+1
m−v+2 )(v−1)

m h1(m) ≥ lim
m→∞

h1(m)

Zv,m,r(t)
Zv−1,m,r(t)

≥ r

v
. lim
m→∞

(m−v+1
m−r+1 )(r) − v

r − (m−r+1
m−v+2)(v − 1)

= r

v
.

r − v

r − v + 1

v +
√

v ≤ r (r)(r − v) ≥ (v)(r − v + 1)

⇒ Zv,m,r(t)
Zv−1,m,r(t)

≥ 1



g : [0, ∞) → R+ A(Z)
m (g)(t)

∀m + 1 ≥ max
{
16t(t + (cm)

(bm)), 4t + 4
}

∣∣∣A(Z)
m (g)(t) − g(t)

∣∣∣ ≤ 5ω1(g,
( (cm)

(bm) + t) 3
2
√

t
√

m + 1
)[0,∞) ∀m ∈ N t ∈ [0, ∞)

ω1(g, δ)[0,∞) = sup {|g(t) − g(y)| t, y ∈ [0, ∞) |t − y| ≤ δ}

ϕt(x) = |t − x|
∣∣∣A(Z)

m (g)(t) − g(t)
∣∣∣ ≤ (1 + 1

δ
A(Z)

m (ϕt)(t))ω1(g, δ)[0,∞)

Em(t) = A(Z)
m (ϕt)(t) =

m∨
v=0

Sm,v(t)
∣∣∣ v(cm)

(bm)(m−v+1) − t
∣∣∣

m∨
v=0

Sm,v(t)

t ∈
[

(cm)r
(bm)(m−r+1) ,

(cm)(r+1)
(bm)(m−r)

]
r ∈ {0, 1, 2, ..., m − 1}

m∨
v=0

Sm,v(t) = Sm,r(t)

Em(t) =

m∨
v=0

Sm,v(t)
∣∣∣ v(cm)

(bm)(m−v+1) − t
∣∣∣

Sm,r(t)
=

m∨
v=0

{Zv,m,r(t)}



r = 0 t ∈
[
0, (cm)

(bm)m

]

Em(t) =

m∨
v=0

Sm,v(t)
∣∣∣ v(cm)

(bm)(m−v+1) − t
∣∣∣

(
m
0

)
( (bm)t

(cm) )0

=
m∨

v=0

(
m

v

)
((bm)t

(cm)
)v

∣∣∣∣∣
v(cm)

(bm)(m − v + 1)
− t

∣∣∣∣∣

v = 0

Em(t) =
(

m

0

)
((bm)t

(cm)
)0 |0 − t| = |t| = t ≤

√
t
√

t ≤
√

t

√√√√ (cm)
(bm)m

v ≥ 1

Zv,m,0(t) =
(

m

v

)
((bm)t

(cm)
)v( v(cm)

(bm)(m − v + 1)
− t)

≤
(

m

v

)
((bm)t

(cm)
)v v(cm)

(bm)(m − v + 1)

= m!
v!(m − v)!

tv.
v

m − v + 1
.((bm)

(cm)
)v−1

=
(

m

v − 1

)
((bm)t

(cm)
)v−1(t)

≤ (1 + (bm)t
(cm)

)m(t) ≤ et

= e
√

t
√

t ≤ e

√√√√ (cm)t
(bm)m

⇒ r = 0 ∀v ≥ 0

Em(t) ≤ e

√√√√ (cm)t
(bm)m

r ∈ {1, 2, ..., m − 1}

r ∈ {1, 2, ..., m − 1} Zv,m,r(t)



t ∈
[

(cm)r
(bm)(m−r+1) ,

(cm)(r+1)
(bm)(m−r)

]
v ∈ {0, 1, ..., m}

v ≥ r + 1 v ≤ r

v ≥ r + 1

v −
√

v + 1 ≤ r

Zv,m,r(t) = zv,m,r(t)(
(cm)v

(bm)(m − v + 1)
− t)

≤ 1( (cm)v
(bm)(m − v + 1)

− (cm)r
(bm)(m − r + 1)

)

= (cm)
(bm)

.
(m + 1)(v − r)

(m − v + 1)(m − r + 1)

v −
√

v + 1 ≤ r

Zv,m,r(t) ≤ (cm)
(bm)

.
(m + 1)(v − (v −

√
v + 1))

(m − r −
√

v + 1 + 1)(m − r + 1)

(cm)r
(bm)(m−r+1) ≤ t (cm)(m+1)

(bm)(m−r+1) ≤ (t + (cm)
(bm))

⇒ Zv,m,r(t) ≤ (t + (cm)
(bm)

).
√

v + 1
m − r −

√
v + 1 + 1

v +1 ≤ 4r v +1 > 4r

⇒
√

v + 1 > 2
√

r

4r − 1 − 2
√

r < v −
√

v + 1 ≤ r 3r − 1 < 2
√

r

r ≥ 1 ⇒ v + 1 ≤ 4r

(cm)r
(bm)(m−r+1) ≤ t

r ≤ (m + 1)t
(cm)
(bm) + t

⇒
√

r ≤

√
(m + 1)t

√
(cm)
(bm) + t



m + 1 > r + 2
√

r

Zv,m,r(t) ≤ (t + (cm)
(bm)

). 2
√

r

(m − r + 1) − 2
√

r

≤ 2(t + (cm)
(bm)

).

√
(m+1)t√
(cm)
(bm) +t

(m − r + 1) − 2
√

(m+1)t√
(cm)
(bm) +t

= 2(t + (cm)
(bm)

)
3
2 .

√
(m + 1)

√
t

(t + (cm)
(bm))(m − r + 1) − 2

√
(m + 1).

√
t.

√
(cm)
(bm) + t

≤ 2(t + (cm)
(bm)

)
3
2 .

√
(m + 1)

√
t

(m + 1) − 2
√

(m + 1).
√

t.
√

(cm)
(bm) + t

m + 1 ≥ 16t(t + (cm)
(bm))

√
(m + 1)

(m + 1) − 2
√

(m + 1).
√

t.
√

(cm)
(bm) + t

≤ 1
√

(m + 1) − 2
√

t.
√

(cm)
(bm) + t

≤ 2√
(m + 1)

m + 1 ≥ r + 2
√

r

m + 1 ≥ 16t(t + (cm)
(bm))

Zv,m,r(t) ≤ 4(t + (cm)
(bm)

)
3
2
√

t.
1√

(m + 1)

v −
√

v + 1 > r

f(t) = t −
√

t + 1 ⇒ v −
√

v + 1 ≤ r

v ∈ {0, 1, ..., m}

v1 = v + 1 v1 −
√

v1 + 1 > r

Zv+1,m,r(t) = zv+1,m,r(t)(
(cm)(v + 1)
(bm)(m − v)

− t)

≤ ( (cm)(v + 1)
(bm)(m − v)

− t)



f f(r) < r v1 ≥ r + 1

Zv+1,m,r(t) ≤ 4(t + (cm)
(bm)

)
3
2
√

t.
1√

(m + 1)

v1 ≤ 4r

Zv+1,m,r(t) ≥ Zv+2,m,r(t) ≥ ... ≥ Zm,m,r(t)

v ∈ {v + 1, v + 2, ..., m}

Zv,m,r(t) ≤ 4(t + (cm)
(bm)

)
3
2
√

t.
1√

(m + 1)

v ≤ r

v +
√

v > r v �= r

Zv,m,r(t) = zv,m,r(t)(t − (cm)v
(bm)(m − v + 1)

)

≤ 1.( (cm)(r + 1)
(bm)(m − r)

− (cm)v
(bm)(m − v + 1)

)

= (cm)
(bm)

.
(m + 1)(r − v) + (m + 1)

(m − r)(m − v + 1)

≤ (cm)
(bm)

.
(m + 1)(r − v) + (m + 1)(r − v)

(m − r)(m − v + 1)

= (cm)
(bm)

.
2(m + 1)(r − v)

(m − r)(m − v + 1)

v +
√

v > r v ≤ r r − v <
√

v <
√

r

⇒ Zv,m,r(t) ≤ (cm)
(bm)

.
2(m + 1)

√
r

(m − r)(m − r + 1)

r ≤ (m+1)t
(cm)
(bm) +t



Zv,m,r(t) ≤ 2(cm)
(bm)

.

(m + 1)
√

(m+1)t
(cm)
(bm) +t

(m − (m+1)t
(cm)
(bm) +t

)(m + 1 − (m+1)t
(cm)
(bm) +t

)

= 2(cm)
(bm)

.

√
(m + 1)

√
t( (cm)

(bm) + t)−1
2 (m + 1).( (cm)

(bm) + t)2

(( (cm)
(bm) + t)m − (m + 1)t)((m + 1)( (cm)

(bm) + t) − (m + 1)t)

=
2

√
(m + 1)

√
t( (cm)

(bm) + t) 3
2

( (cm)
(bm)m − t)

≤
2

√
(m + 1)

√
t( (cm)

(bm) + t) 3
2

(m − t)

m ≥ 1 + 2t
√

m+1
m−t

≤ 2√
m+1 m + 1 ≥ 2t + 2

Zv,m,r(t) ≤ 4(t + (cm)
(bm)

)
3
2
√

t.
1√

(m + 1)

v = r

Zv,m,r(t) = Zr,m,r(t) = zr,m,r(t)(t − (cm)r
(bm)(m − r + 1)

)

≤ 1.( (cm)(r + 1)
(bm)(m − r)

− (cm)r
(bm)(m − r + 1)

)

= (cm)
(bm)

.
(m + 1)

(m − r)(m − r + 1)

≤ 2(cm)
(bm)

.
(m + 1)

√
r

(m − r)(m − r + 1)

v < r

v +
√

v ≤ r

f(t) = t +
√

t ṽ = {0, 1, ..., m}

ṽ +
√

ṽ > r

v2 = ṽ − 1 v2 + √
v2 ≤ r



r ≤ (m+1)t
(cm)
(bm) +t

ṽ �= r

Zṽ−1,m,r(t) = zṽ−1,m,r(t)(t − (cm)(ṽ − 1)
(bm)(m − ṽ + 2)

)

≤ 1.( (cm)(r + 1)
(bm)(m − r)

− (cm)(ṽ − 1)
(bm)(m − ṽ + 2)

)

= (cm)
(bm)

.
(m + 1)(r − ṽ) + 2(m + 1)

(m − ṽ + 2)(m − r)

≤ (cm)
(bm)

.
(m + 1)(r − ṽ) + 2(m + 1)(r − ṽ)

(m − ṽ + 2)(m − r)

= (cm)
(bm)

.
3(m + 1)(r − ṽ)

(m − ṽ + 2)(m − r)

ṽ ≤ r r − ṽ <
√

ṽ
√

ṽ ≤
√

r

Zṽ−1,m,r(t) ≤ (cm)
(bm)

.
3(m + 1)

√
r

(m − r + 2)(m − r)

r ≤ (m+1)t
(cm)
(bm) +t

Zṽ−1,m,r(t) ≤ (cm)
(bm)

.

3(m + 1)
√

(m+1)t
(cm)
(bm) +t

(m − (m+1)t
(cm)
(bm) +t

+ 2)(m − (m+1)t
(cm)
(bm) +t

)

≤ (cm)
(bm)

.

3(m + 1)
√

(m+1)t
(cm)
(bm) +t

(m − (m+1)t
(cm)
(bm) +t

+ 1)(m − (m+1)t
(cm)
(bm) +t

)

=
3

√
(m + 1)

√
t( (cm)

(bm) + t) 3
2

( (cm)
(bm)m − t)

≤
3

√
(m + 1)

√
t( (cm)

(bm) + t) 3
2

m − t

m ≥ 4t + 3
√

m+1
m−t

≤ 4
3 . 1√

m+1

Zṽ−1,m,r(t) ≤ 4(t + (cm)
(bm)

)
3
2
√

t.
1√

(m + 1)



ṽ = r

Zṽ−1,m,r(t) = Zr−1,m,r(t) = zr−1,m,r(t)(t − (cm)(r − 1)
(bm)(m − r + 2)

)

≤ 1.( (cm)(r + 1)
(bm)(m − r)

− (cm)(r − 1)
(bm)(m − r + 2)

) = (cm)
(bm)

.
2(m + 1)

(m − r)(m − r + 2)

≤ 2(cm)
(bm)

.
(m + 1)

√
r

(m − r)(m − r + 2)
≤ 3(cm)

(bm)
.

(m + 1)
√

r

(m − r)(m − r + 2)

Zṽ−1,m,r(t) ≤ 4(t + (cm)
(bm)

)
3
2
√

t.
1√

(m + 1)

ṽ < r − 1

Zṽ−1,m,r(t) ≥ Zṽ−2,m,r(t) ≥ ... ≥ Z0,m,r(t)

v ∈ {0, 1, ..., r}

Zv,m,r(t) ≤ 4(t + (cm)
(bm)

)
3
2
√

t.
1√

(m + 1)

m + 1 ≥ max
{
16t(t + (cm)

(bm)), 4t + 4
}

Zv,m,r(t) ≤ 4(t + (cm)
(bm)

)
3
2
√

t.
1√

(m + 1)

Em(t) ≤ 4(t + (cm)
(bm)

)
3
2
√

t.
1√

(m + 1)

δ = (t + (cm)
(bm))

3
2
√

t. 1√
(m+1)

∣∣∣A(Z)
m (g)(t) − g(t)

∣∣∣ ≤ (1 +
4(t + (cm)

(bm))
3
2
√

t. 1√
(m+1)

(t + (cm)
(bm))

3
2
√

t. 1√
(m+1)

)ω1(g, (t + (cm)
(bm)

)
3
2
√

t.
1√

(m + 1)
)[0,∞)

= 5ω1(g,
(t + (cm)

(bm))
3
2
√

t
√

(m + 1)
)[0,∞)



g : [0, ∞) → R+ 0 ≤ t < ∞ m ∈ N

A(Z)
m (g)(t) =

m∨
v=0

Sm,v(t)g( (cm)v
(bm)(m+1−v))

m∨
v=0

Sm,v(t)

A(Z)
m

Sm,v(t) =
(

m
v

)
( (bm)t

(cm) )v (bm) (cm)

lim
m→∞

( (cm)
(bm) )

3
2

√
m+1 = 0 v > 0

∣∣∣ (bm)
(cm)

∣∣∣ = O(v)

g : [0, ∞) → R+

∀m + 1 ≥ max
{

16t(t + (cm)
(bm)

), 4t + 4
}

∣∣∣A(Z)
m (g)(t) − g(t)

∣∣∣ ≤ 5ω1(g,
( (cm)

(bm) + t) 3
2
√

t
√

m + 1
)[0,∞) ∀m ∈ N t ∈ [0, ∞)

ω1(g, δ)[0,∞) = sup {|g(t) − g(y)| t, y ∈ [0, ∞) |t − y| ≤ δ}










