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FDOFXODWHG� :LWK WKH KHOS RI WKH FRQWLQXLW\ PRGXOH� WKH DSSURDFK VSHHG RI WKH Mü (ψ; �) RSHUDWRU LV
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\DNODúÕP JUDIL÷L� � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � ��
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\DNODúÕP JUDIL÷L � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � ��
ùHNLO ���� Mü (g; �) YH SDü (g; �) RSHUDW|UOHULQLQ ü = 1500� ö = 1�A = 2 LoLQ g (�) IRQNVL\RQXQD

\DNODúÕP JUDIL÷L � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � ��

Y
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6D\ID 1R

dL]HOJH ���� N (�) =
∣∣∣SDü(g;�)−g(�)
Mü(g;�)−g(�)

∣∣∣�Mü (g; �) LOH SDü (g; �) RSHUDW|UOHULQLQ g IRQNVL\RQXQD
\DNODúÕPÕQÕQ NDUúÕODúWÕUÕOPDVÕQÕQ VD\ÕVDO GH÷HUOHU WDEORVX� � � � � � � � � � � � � � � � � � � � � � � � � � � � � � ��

dL]HOJH ���� |Mü (g; �) − g (�)| GH÷ULQLQ ED]Õ � GH÷HUOHUL YH ü¶QLQ IDUNOÕ GH÷HUOHUL LoLQ VD\VDO GH÷HUOHU
WDEORVX� � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � ��

YL



6ø0*(/(5 'ø=ø1ø

6LPJHOHU $oÕNODPD
α $OID
Bü (Ψ; �) %HUQVWHLQ 2SUHDW|U�
β %HWD
‖‖C[ö,A] C [ö,A] X]D\ÕQGD� ‖ψ‖C[ö,A] = max

ö≤�≤A
|ψ (�)| úHNOLQGH WDQÕPOÕ QRUP�

δ 'HOWD
Γ(ü + 1) *DPPD IRQNVL\RQX
ι LRWD
O /DQGDX VHPERO�
λ /DPEGD
LipM (α) /LSVFKLW] VÕQÕIÕQGDQ IRQNVL\RQODU
ξü (ψ; �) ⇒ ψ Lη RSHUDW|U�Q�Q ψ IRQNVL\RQXQD G�]J�Q \DNÕQVDPDVÕ�
SDü (Ψ; �) 6]iV]�'XUUPH\HU RSHUDW|UOHUL�
Mü (Ψ; �) 6]iV]�'XUUPH\HU 2SHUDW|UOHULQLQ %LU *HQHOOHúWLUPHVL � 7DQÕPODPÕú ROGX÷XPX] RSHUDW|U �
Sü(ψ; �) 6]iV] 2SUHDW|U�
Nι,ü Λι 2SHUDW|U�Q�Q PHUNH]L PRPHQWOHUL�
ω (ψ; �) ψ IRQNVL\RQXQXQ V�UHNOLOLN PRG�O�
ξ [L

YLL
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�� *ø5øù

<DNODúÕP WHRULVLQGH� \HWHULQFH L\L |]HOOLNOHUH VDKLS ROPD\DQ IRQNVL\RQODUD�

NXODQÕúOÕ |]HOOLNOHUH VDKLS GDKD NRPSOLNH ROPD\DQ IRQNVL\RQODUOD \DNODúÕP SUREOHPOHUL

LQFHOHQPHNWHGLU� oR÷X ]DPDQ� \DNODúDQ IRQNVL\RQODU� �]HULQGH oDOÕúÕODQ HVDV IRQNVL\RQ

X]D\ÕQÕQ EHOLUOL ELU DOW X]D\Õ RODUDN WHUFLK HGLOLU� %X DOW X]D\GDNL IRQNVL\RQODU WHPHO

X]D\GDNL IRQNVL\RQODUD J|UH NRPSOLNH ROPD\DQ |]HOOLNOHUH YH GDKD oRN HOHPDQWHU

|]HOOL÷H VDKLSWLU �W�UHYOHQHELOPH� LQWHJUDOOHQHELOPH YE��

<DNODúÕP WHRULVLQGH� HNVHUL\HWOH WULJRQRPHWULN SROLQRPODU� FHELUVHO SROLQRPODU YH\D

UDV\RQHO IRQNVL\RQODU� \DNODúDQ IRQNVL\RQODU RODUDN DOÕQÕU� %XUDGD KHGHIOHGL÷LPL] DQD

XQVXU� YHULOHQ IRQNVL\RQD DOW X]D\GDQ HQ L\L \DNODúDQ HOHPDQÕQ YDUOÕ÷Õ YH EX IRQNVL\RQD

HQ L\L \DNODúDQ HOHPDQ DUDVÕQGDNL KDWDQÕQ PLQLPL]H HGLOPHVL SUREOHPLGLU� )RQNVL\RQXQ

GLIHUDQVL\HO |]HOOLNOHULQH J|UH EXQXQ HQ L\L \DNODúÕP VD\ÕODUÕ GL]LVLQLQ VÕIÕUD JLWPH KÕ]ÕQÕQ

LQFHOHQGL÷L WHRUHPOHUH \DNODúÕP WHRULVLQLQ G�] WHRUHPOHUL� \DNODúÕP VD\ÕODUÕ GL]LVLQLQ

VÕIÕUD JLWPH KÕ]ÕQD J|UH RQODUÕQ GLIHUDQVL\HO |]HOOLNOHULQLQ LQFHOHQGL÷L WHRUHPOHUH \DNODúÕP

WHRULVLQLQ WHUV WHRUHPOHUL GHQLU�

���� 7HPHO .DYUDPODU

%X NÕVÕPGD� oDOÕúPDPÕ]GD LVWLIDGH HGHFH÷LPL] ED]Õ WDQÕPODU YH WHRUHPOHU

LVSDWODUÕ\OD EHUDEHU VXQXODFDNWÕU�%XUDGD VXQXODFDN RODQ WDQÕP YH WHRUHPOHU JHQHO ROPDVÕ

KDVHEL\OH ED]ÕODUÕQGD ND\QDN EHOLUWLOPHPLúWLU�

7DQÕP ��� F YH K YHNW|U X]D\ODUÕ ROPDN �]HUH Λ : F → K úHNOLQGH WDQÕPODQDQ

G|Q�ú�POHUH RSHUDW|U GHQLU �+DFÕVDOLKR÷OX YH +DFÕ\HY� ������

7DQÕP ��� �2SHUDW|U�Q OLQHHUOL÷L� Λ RSHUDW|U�Q�Q F X]D\ÕQGDNL KHU ψ IRQNVL\RQXQD K

X]D\ÕQGD NDUúÕOÕN JHWLUGL÷L IRQNVL\RQXQ � QRNWDVÕQGD DOGÕ÷Õ GH÷HU Λ(ψ; �) LOH LIDGH HGLOLU�
F YH K� R �]HULQGH YHNW|U X]D\ODUÕ RODUDN DOÕQÕUVD KHU f, g ∈ F YH ö,A ∈ R LoLQ

Λ (öf + Ag; �) = öΛ (f ; �) + AΛ (g; �)

<XNDUGDNL HúLWOL÷L JHUoHNOH\HQ Λ(ψ; �) RSHUDW|U�QH OLQHHU RSHUDW|U GHQLU �+DFÕVDOLKR÷OX
YH +DFÕ\HY� ������

�
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7DQÕP ��� �2SHUDW|U�Q SR]LWLIOL÷L� +HU (ψ (χ) ≥ 0 LoLQ Λ (ψ;χ) ≥ 0 LVH� Λ RSHUDW|U�QH

SR]LWLI RSHUDW|U GHQLU �+DFÕVDOLKR÷OX YH +DFÕ\HY� ������

7DQÕP ��� %LU RSHUDW|U KHP OLQHHUOLN KHP GH SR]LWLIOLN úDUWODUÕQÕ VD÷OÕ\RUVD� EX

RSHUDW|UH OLQHHU SR]LWLI RSHUDW|U GHQLU �+DFÕVDOLKR÷OX YH +DFÕ\HY� ������

7DQÕP ��� ζ ⊂ R YH ζ �]HULQGH WDQÕPOÕ E�W�Q IRQNVL\RQODUÕQ N�PHVL Θ (ζ) ELoLPLQGH

ROVXQ� d : N → Θ (ζ) úHNOLQGH WDQÕPOÕ d IRQNVL\RQXQD ELU IRQNVL\RQ GL]LVL GHQLU�

)RQNVL\RQ GL]LVL (fn)� WHULPOHUL LVH f1, f2, f3 , ... úHNOLQGH J|VWHULOLU �+DFÕVDOLKR÷OX YH

+DFÕ\HY� ������

7DQÕP ��� l = {Λ : C [a, b] → C [a, b] : Λ OLQHU SR]LWLI RSHUDẄoU} , N = {1, 2, 3, ...}
ROVXQ Λn : N → l úHNOLQGH WDQÕPOÕ Λn IRQNVL\RQXQD OLQHHU SR]LWLI RSHUDW|U GL]LVL DGÕ

YHULOLU YH (Λn) LOH J|VWHULOLU�Λ (N) = (Λ1, Λ2, Λ3, ...) úHNOLQGHGLU �+DFÕVDOLKR÷OX YH

+DFÕ\HY� ������

7DQÕP ��� A ⊂ R, ψ : A → R IRQNVL\RQ YH ö ∈ A DODUDN VHoLOLUVH ∀ε > 0 LLQ |� − ö| <

δ ROGX÷XQGD |ψ (�) − ψ (ö)| < ε RODFDN úHNLOGH δ = δ (ε) VD\ÕVÕ PHYFXWVD ψ IRQNVL\RQX ö

QRNWDVÕQGD V�UHNOLGLU GHQLU� �%DOFÕ� ������

7DQÕP ��� Ω ⊂ R,ψ : Ω → N ELU IRQNVL\RQ ROPDN �]HUH� EX WDNWLUGH KHU ε > 0 VD\ÕVÕ YH

∀ö1, ö2 ∈ Ω QRNWDODUÕ LoLQ |ö1 − ö2| < δ ROGX÷XQGD |ψ (ö1) − ψ (ö2)| < ε RODFDN úHNLOGH

\DOQÕ]FD ε ¶QD ED÷OÕ δ = δ (ε) VD\ÕVÕQÕQ YDUOÕ÷Õ V|] NRQXVX LVH ψ IRQNVL\RQX Ω N�PHVL

�]HULQGH G�]J�Q V�UHNOLGLU GHQLU�0XVD\HY YH $OS� ������

7DQÕP ��� ψ, [ö,A] DUDOÕ÷ÕQGD WDQÕPOÕ ELU IRQNVL\RQ YH ι0 ∈ (ö,A) ROVXQ�

lim
�→ι0

ψ (�) − ψ (ι0)
� − ι0

OLPLWL YDU YH VRQOX LVH ψ IRQNVL\RQX ι0 QRNWDVÕQGD W�UHYOHQHELOLUGLU GHQLU� %X GH÷HU

lim
�→ι0

ψ (�) − ψ (ι0)
� − ι0

= ψ′ (ι0)

GLU� 7KRPDV�)LQQH\� ������

�
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7DQÕP ���� ψ IRQNVL\RQX ö QRNWDVÕQÕ LoHUHQ ELU DUDOÕNWD KHU PHUWHEHGHQ W�UHYOHQHELOLU

RODUDN NDEXO HGHOLP�
ü∑

θ=0

ψθ (ö)
θ! (� − ö)θ

VHULVLQH ö QRNWDVÕQGDψ IRQNVL\RQX WDUDIÕQGDQ W�UHWLOHQ 7D\ORU VHULVL GHQLU �0XVD\HY YH

$UNDGDúODUÕ� ������

7HRUHP ���� �2UWDODPD 'H÷HU 7HRUHPL � ψ : [ö,A] → R IRQNVL\RQX [ö,A] �]HULQGH
V�UHNOL YH (ö,A)¶�]HULQGH W�UHYOHQHELOLU ROGX÷XQX YDUVD\DOÕP� %X WDNGLUGH�

ψ (A) − ψ (ö)
(A − ö) = ψ′ (λ)

RODFDN úHNLOGH ∃λ ∈ [ö,A] QRNWDVÕ YDUGÕU�

7HRUHP ���� �0LQNRZVNL (úLWVL]OL÷L�

ι > 1LoLQ ö1, ö2, ...öü > 0 YH A1,A2, ...Aü > 0 ROVXQ� %X WDNWLUGH
(

ü∑

θ=1
(öθ + Aθ)ι

) 1
ι

≤
(

ü∑

θ=1
(öθ)ι

) 1
ι

+
(

ü∑

θ=1
(Aθ)ι

) 1
ι

VD÷ODU�

7HRUHP ���� � +|OGHU (úLWVL]OL÷L� µ > 0 YH ν > 0 UHHO VD\ÕODUÕ
1
µ

+ 1
ν

= 1

úDUWÕQÕ VD÷ODVÕQ� ö1, ö2, ...öü > 0 YH A1,A2, ...Aü > 0 ROVXQ� %X WDNWLUGH

ü∑

θ=1
|öθ · Aθ| ≤

(
ü∑

θ=1
|öθ|µ

) 1
µ

·
(

ü∑

θ=1
|Aθ|ν

) 1
ν

HúLWVL]OL÷L JHoHUOLGLU� g]HO RODUDN +|OGHU HúLWVL]OL÷LQGH µ = ν = 2 DOÕQÕUVD &DXFK\�

6FKZDU] (úLWVL]OL÷L HOGH HGLOLU �/RUHQW]� ������

/HPPD ���� Λ ELU OLQHHU SR]LWLI RSHUDW|U ROPDN �]HUH PRQRWRQGXU� <DQL�f1 ≤ f2 LVH

Λ (f1; .) ≤ Λ (f2; .) HúLWVL]OL÷LQL VD÷ODU�

øVSDW� f1 ≤ f2 ROGX÷XQX NDEXO HGHHUVHN� %X GXUXPGD f2 − f1 ≥ 0 ROXS Λ RSHUDW|U�Q�Q

SR]LWLIOLN |]HOOL÷L NXODQÕODUDN Λ (f2 − f1;χ) ≥ 0 ROGX÷� J|U�O�U� Λ RSHUDW|U� OLQHHU

ROGX÷XQGDQ Λ (f2;χ) − Λ (f1;χ) ≥ 0 RODUDN EXOXQXU YH LVSDW WDPDPODQPÕú ROXU

�+DFÕVDOLKR÷OX YH +DFÕ\HY� ������ "

�
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/HPPD ���� Λ OLQHHU SR]LWLI RSHUDW|U� LoLQ |Λ (ψ; �)| ≤ Λ (|ψ| ; �) HúLWVL]OL÷L VD÷ODQÕU

�+DFÕVDOLKR÷OX YH +DFÕ\HY� ������

������ '�]J�Q \DNÕQVDNODN

7DQÕP ���� [ö,A] NDSDOÕ YH VRQOX DUDOÕ÷ÕQGD WDQÕPOÕ YH V�UHNOL IRQNVL\RQODU X]D\ÕQÕ

C [ö,A]LOH J|VWHUHOLP� C [ö,A] �

L� (ψ1 + ψ2) (�) = ψ1 (�) + ψ2 (�) YH

LL� ! ∈ R ROPDN �]HUH (!ψ) (�) = !ψ (�)

LúOHPOHUL LOH ELU OLQHHU X]D\GÕU� %X OLQHHU X]D\ �]HULQGH ELU QRUPGXU YH EX QRUP

‖ψ‖C[ö,A] = sup
ö≤�≤A

|ψ (�)| ELoLPLQGH WDQÕPODQÕU �0XVD\HY YH $OS� ������

7HRUHP ���� %LU (ψü) IRQNVL\RQODU GL]LVLQLQ ψ IRQNVL\RQXQD C [ö,A] QRUPXQGD G�]J�Q

\DNÕQVDN ROPDVÕ LoLQ JHUHN YH \HWHU úDUW� ∀� ∈ [ö,A] LoLQ

lim
ü→∞

‖ψü − ψ‖C[ö,A] = lim
ü→∞

max
�∈[ö,A]

|ψü (�) − ψ (�)| = 0

ROPDVÕGÕU� '�]J�Q \DNÕQVDPD ψü ⇒ ψ úHNOLQGH VHPEROL]H HGLOLU �+DFÕVDOLKR÷OX YH

+DFÕ\HY� ������

7DQÕP ���� ξ : Ω → Υ OLQHHU RSHUDW|U ROVXQ� (÷HU ∀ψ ∈ Ω LoLQ ‖ξ (ψ)‖Υ ≤ c‖ξ (ψ)‖Ω

HúLWVL]OL÷LQL VD÷OD\DQ ELU c > 0 VD\ÕVÕ PHYFXWVD� ξ RSHUDW|U�QH VÕQÕUOÕ RSHUDW|U GHQLU� %X

c VDELWOHULQLQ HQ N�o�÷�QH ξ RSHUDW|U�Q�Q QRUPX GHQLU YH ‖ξ‖Ω→Υ \D GD ‖ξ‖ ELoLPLQGH

J|VWHULOLU �+DFÕVDOLKR÷OX YH +DFÕ\HY� ������

7HRUHP ���� ξü(ψ; �) OLQHHU SR]LWLI RSHUDW|U GL]LVL ROVXQ� 7�P UHHO HNVHQGH VÕQÕUOÕ YH

VRQOX ELU [ö,A]DUDOÕ÷ÕQGD V�UHNOL KHUKDQJL ELU ψIRQNVL\RQX LoLQ H÷HU [ö,A] �]HULQGH�

�L� ξü(1; �) ⇒ 1

�LL� ξü(t; �) ⇒ �

�LLL� ξü(t2; �) ⇒ �2

�
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NRúXOODUÕQÕ VD÷OÕ\RUVD EX WDNGLUGH [ö,A] DUDOÕ÷ÕQGD ξü(ψ; �) ⇒ ψ(�) GLU �.RURYNLQ�

������

7DQÕP ���� Nι,ü (�) = Λι

(
(t − �)ü, �

)
, ü = {1, 2, ...} LOH WDQÕPODQDQ LIDGHOHUH Λι

RSHUDW|U GL]LVLQLQ ü�LQFL PHUNH]L PRPHQWOHUL GHQLU�

������ 6�UHNOLOLN PRG�O�

<DNODúÕP WHRULVLQGH ELU GL÷HU P�KLP NRQXGD \DNODúÕP KÕ]ÕQÕQ EHOLUOHQPHVLGLU�

/LQHHU SR]LWLI RSHUDW|UOHULQ ELU Ψ IRQNVL\RQXQD \DNÕQVDPD KÕ]ÕQÕ DUWWÕUPDN GHPHN

\DNODúÕPGD PH\GDQD JHOHQ KDWD PLNWDUÕQÕ D]DOWPDN YH GR÷DO RODUDN GDKD L\L ELU \DNODúÕP

HOGH HWPHN GHPHNWLU� %LU OLQHHU SR]LWLI RSHUDW|UOHU GL]LVLQLQ \DNÕQVDPD KÕ]Õ KDNNÕQGD

V�UHNOLOLN PRG�O� NXOODQÕODUDN \RUXP \DSÕODELOLU�6�UHNOLOLN PRG�O� NDYUDPÕ ���� \ÕOÕQGD

+� /HEHVJXH WDUDIÕQGDQ WDQÕPODQPúWÕU�

ψ ∈ C [ö,A] ROVXQ� ∀δ > 0 LoLQ

ω(ψ; δ) = sup
�,t∈[ö,A]
|t−�|≤δ

|ψ(t) − ψ(�)|

LOH WDQÕPODQDQ ω(Ψ; δ) LIDGHVLQH Ψ IRQNVL\RQXQXQ ´6�UHNOLOLN 0RG�O�´ GHQLU �$OWRPDUH

DQG &DPSÕWÕ� �����

������ 6�UHNOLOLN PRG�O�Q�Q |]HOOLNOHUL

�� ω(Ψ; δ) ≥ 0

�� δ1 ≤ δ2 LVH ω(Ψ; δ1) ≤ ω(Ψ; δ2)

�� m ∈ N LoLQ ω(Ψ; mδ) ≤ mω(Ψ; δ)

�� λ ∈ R+ LoLQ ω(Ψ;λδ) ≤ (λ+ 1) (Ψ; δ)

�� lim
δ→0

ω (Ψ; δ) = 0

�� |Ψ(t) − Ψ(�)| ≤ ω (Ψ; |t − �|)

�� |Ψ(t) − Ψ(�)| ≤
(

|t−�|
δ + 1

)
ω (Ψ; δ) �$OWRPDUH DQG &DPSÕWÕ� �����

�
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������ /LSVFKLW] VÕQÕIÕQGDQ IRQNVL\RQODU

/LQHHU SR]LWLI RSHUDWRUOHULQ ELU Ψ IRQNVL\RQXQD \DNODúÕP KÕ]ÕQÕ EXOXUNHQ

IRQNVL\RQXQ /LSVFKLW] VÕQÕIÕQGDQ ROPDV GXUXPXQGD LQFHOH\HFHOL\HFH÷L]� %X \X]GHQ LON

RODUDN ELU IRQNVL\RQXQ /LSVFKLW] VÕQÕIÕQGDQ ROPDVÕQÕQ QH GHPHN ROGX÷XQX YHUHOLP�∀ğ, � ∈
I LoLQ 0 < α ≤ 1 RODUDN WHUFLK HGHUVHN�

|Ψ (ğ) − Ψ (�)| ≤ M |ğ − �|α

úDUWÕQÕ JHUoHNOH\HQ IRQNVL\RQODUD /LSVFKLW] VÕQÕIÕ IRQNVL\RQODU úHNOLQGH

LVLPOHQGLULOLU�%XUDGDNL M \H GH /LSVFKLW] VDELWL GHQLU YH EX úDUWÕQ VD÷ODQPDVÕ

KDOLQGH Ψ ∈ LipM (α) ELoLPLQGH J|VWHULOLU� %LU IRQNVL\RQ /LSVFKLW] VÕQÕIÕQGDQ LVH

V�UHNOLGLU DQFDN EXQXQ WHUVL GR÷UX GH÷LOGLU� 'ROD\ÕVÕ\OD LipM (α) ⊂ C(I) \D]ÕODELOU�

7H]GH�

|Ψ (ğ) − Ψ (�)| ≤ M |ğ − �|α

úHNOLQGH WDQÕPODQDQ /LSVFKLW] VÕQÕIÕ IRQNVL\RQODU NXOODQÕODFDNWÕU� $\UÕFD 0 < α ≤ 1 ROPDN
�]HUH

Ψ ∈ LipM (α) ⇔ ωΨ(δ) ≤ M.δα

ROGX÷X ELOLQPHNWHGLU �&DR YH $UNDGDúODUÕ� ������

�
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0DWHPDWLNVHO DQDOL] ��� \�]\ÕOD NDGDU \DNODúÕP DGÕ DOWÕQGD LQFHOHQHQ WHN úH\

VD\ÕODUÕQ \DNODúÕN GH÷HULQLQ KHVDSODQPDVÕ\GÕ� %XQD SL VD\ÕVÕ HPVDO YHULOHELOLU� 'DKD

VRQUDNL \ÕOODUGD 1HZWRQ� .HSOHU� %HUQRXOOL� (XOHU YH GDKD ELUoRN PDWHPDWLNoLQLQ

IDUNOÕ PHWRWODUOD \DSWÕ÷Õ KHVDSODPDODUOD RSHUDW|UOHULQ� IRQNVL\RQODUÕQ� VD\ÕODUÕQ YH

GHQNOHPOHULQ \DNODúÕN o|]�POHULQL HOGH HWPLúOHUGLU� %|\OHFH \DNODúÕP NDYUDPÕQÕQ LON

DGÕPODUÕQÕ DWPÕúODUGÕU�

'DKD VRQUD *DXVV� øQWHJUDO KHVDEÕQÕQ HQ DVNHUL KDWD LOH o|]�OPHVLQLQ ELU \ROXQX

EXOPXúWXU� %X DODQGD GL÷HU ELU JHOLúPH LVH PDWHPDWLNWH \D\JÕQ RODUDN NXOODQÕODQ HQ N�o�N

NDUHOHU PHWRGXQX JHOLúWLUHUHN \DNODúÕP WHRULVLQL ELU DGÕP LOHUL\H WDúÕPÕúWÕU� ���� \ÕOÕQD

JHOLQGL÷LQGH 5XV PDWHPDWLNoL 3� /� &KHE\VKHY� ´ψ� [ö,A] NDSDOÕ DUDOÕ÷ÕQGD WDQÕPODQPÕú
V�UHNOL ELU IRQNVL\RQ YH m SR]LWLI WDPVD\Õ ROPDVÕ úDUWÕ\OD�

max
ö≤�≤A

|ψ (�) − p (�)|

LIDGHVLQL PLQLPXP \DSDFDN úHNLOGH GHUHFHVL HQ ID]OD m RODQ

P (�) =
m∑

θ=0
cθ�θ

úHNOLQGH ELU SROLQRP EXOXQDELOLU PL" ´ VRUXVXQX VRUDUDN \DNODúÕP WHRULVLQGH |QHPOL ELU

\HUH VDKLS RODQ HQ L\L \DNODúÕP SUREOHPL DQODP ND]DQPÕúWÕU �&KHE\VKHY� ������

$OPDQ PDWHPDWLNoL .� :HLHUVWUDVV EX VRUXQXQ \DQÕWÕQÕ NHQGL LVPLQL WDúÕ\DQ

:HLHUVWUDVV WHRUHPL LOH LVSDWODPÕúWÕU� 7HRUHPL DoÕN RODUDN LIDGH HGHUVHN� ψ ∈ C [ö,A]
KHUKDQJL ELU IRQNVL\RQ RODUDN WHUFLK HGLOLUVH� ∀ε > 0 VD\ÕVÕ YH ∀� ∈ [ö,A] LoLQ |\OH ELU

Pm (�) FHELUVHO SROLQRPX YDUGÕU NL

|ψ (�) − Pm (�)| < ε

6D÷ODQÕU �:HLHUVWUDVV� ������ :HLHUVWUDVV WHRUHPLQLQ LVSDWÕ X]XQ YH NDUPDúÕN ROGX÷XQGDQ

ELU oRN PDWHPDWLNoL EX WHRUHPLQ GDKD EDVLW ELU o|]�P� �]HULQGH oDOLúPLúWÕU� ���� GH 6�

1� %HUQVWHLQ :HLHUVWUDVV WHRUHPLQLQ HQ EDVLW YH HQ HWNLOL LVSDWÕQÕ YHUPLúWLU� %HUQVWHLQLQ

\DSPÕú ROGX÷X EX NÕVD LVSDW WHPHO YH X\JXODPDOÕ ELOLPOHU GH E�\�N ELU HWNL \DUDWPÕúWÕU

�
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�%HUQVWHLQ� ������ %HUQVWHLQ SROLQRPODUÕ RODUDN � � ∈ [0, 1] ROPDN �]HUH

Bü (Ψ; �) =
ü∑

θ=0
Ψ
(
θ

ü

)


ü

θ



 �θ(1 − �)ü−θ

3ROLQRPODU GL]LVL JHoPLúWHQ J�Q�P�]H NDGDU ELUoRN PDWHPDWLNoL WDUDIÕQGDQ oDOÕúÕOPÕú YH

oDOÕúÕOPD\D GHYDP HGLOL\RU� *�Q�P�]GH %HUQVWHLQ SROLQRPODUÕQÕÕQ EX NDGDU oRN SRS�OHU

ROPDVÕQÕQ ELUoRN QHGHQL YDUGÕU� %XQODUGDQ ED]ÕODUÕ EX SROLQRPXQ DoÕN YH VDGH ELU

J|VWHULPLQLQ ROPDVÕ� oHúLWOL úHNLO NRUXPD |]HOOLNOHULQLQ ROPDVÕ� LúOHYVHO ROPDVÕ YH NROD\

W�UHYOHQHELOLU YH LQWHJUH HGLOHELOLU ROPDVÕQÕQ \DQÕVÕUD ELOJLVD\DUOD \DSÕODQ KHVDSODUGD

EL]H NROD\OÕN VD÷ODPDVÕGÕU�

%HUQVWHLQ SROLQRPODUÕ� VDGHFH PDWHPDWLNWH GH÷LO� P�KHQGLVOLN ELOLPOHUL EDúWD ROPDN
�]HUH� GL÷HU DODQODUGDNL ELUoRN SUREOHPLQ o|]�P�QH NDWNÕ VD÷ODPÕú YH J�QGHQ J�QH |QHPL
GH DUWDUDN GHYDP HGL\RU� ùHNLO ����¶GH J|U�OG�÷� JLEL J�Q�P�]GH |]HOOLNOH ELOJLVD\DU
GHVWHNOL JHRPHWULN PRGHOOHPH� �UHWLOHFHN �U�Q�Q� ELOJLVD\DU GHVWHNOL RODUDN GL]D\Q
HGLOPHVLQGH oHúLWOL H÷UL \|QWHPOHUL JHOLúWLULOPLúWLU� %X EDKVL JHoHQ H÷ULOHU EDVLW GDLUH�
oL]JL JLEL H÷ULOHUGHQ ]L\DGH GDKD NRPSOLNH RODQ E�6SOLQH� EH]LHU H÷ULOHUL JLEL VHQWHWLN
H÷ULOHUGHQ ROXúPDNWDGÕU� 6HQWHWLN H÷ULOHU� DQDOLWLN H÷ULOHULQ GDKD NDUPDúÕN \�]H\OHULQ
�$UDo J|YGHVL� XoDN NDQDGÕ� JHPL J|YGHVL� YE�� WDVDUÕPÕQGD HNVLN NDOPDVÕ VRQXFX
RUWD\D oÕNDUWÕOPÕú YH NXOODQÕFÕ\D E�\�N NROD\OÕN VD÷ODPÕúWÕU� %HUQVWHLQ SROLQRPODUÕQÕQ
|]HOOLNOHUL �]HULQH GD\DOÕ &DVWHOMDX DOJRULWPDODUÕ ELOJLVD\DU GHVWHNOL JHRPHWULN WDVDUÕPÕQ
DQD HOHPDQODUÕQGDQ ELULGLU � %X DOJRULWPDODUÕQ LON RODUDN P�KHQGLV 3DXO GH &DVWHOMDX
WDUDIÕQGDQ &LWURHQ RWRPRELO ILUPDVÕQGD� 3LHUUH %H]LHU %H]LHU ������ WDUDIÕQGDQ 5HQDXOW
ILUPDVÕQGD NXOODQÕOPÕúWÕU�

ùHNLO ���� 8oDN YH $UDED <�]\OHULQLQ dL]LP 0RGHOL
�+HDUQ DQG %DNHU� �����

+� %RKPDQ ������ YH 3� 3� .RURYNLQ ������ ELUELUOHULQGHQ ED÷ÕPVÕ] RODUDN�

IRQNVL\RQ X]D\ODUÕ �]HULQGH WDQÕPOÕ SR]LWLI OLQHHU RSHUDW|U GL]LOHULQLQ \DNODúÕP

�
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WHRULVLQGHNL X\JXODPDODUÕ �]HULQH |QHPOL oDOÕúPDODU \DSPÕúODUGÕU� [a, b] NDSDOÕ

DUDOÕ÷ÕQGD V�UHNOL ELU IRQNVL\RQD G�]J�Q \DNÕQVD\DQ RSHUDW|UOHU LoLQ X\JXODQPDVÕ

ROGXNoD EDVLW ELU NULWHU YHUHQ DúD÷ÕGD LVSDWÕ\OD ELUOLNWH YHUGL÷LPL] 7HRUHP����¶L

YHUPLúOHUGLU� .RURYNLQ 7HRUHPL VD\HVLQGH [a, b] NDSDOÕ DUDOÕ÷ÕQGD oRN VD\ÕGD OLQHHU SR]LWLI
RSHUDW|U WDQÕPODQPÕú YH EX RSHUDW|UOHULQ \DNODúÕP |]HOOLNOHUL LQFHOHQPLúWLU� gUQH÷LQ

&KHQH\�6KDUPD RSHUDW|UOHUL� 0H\HU�.|QLJ YH =HOOHU RSHUDW|UOHUL GDKD VRQUDGD EXQODUÕQ

JHQHOOHúWLUPHOHUL RODQ 'XUUPH\HU� 6WDQFX�.DQWRURYLFK RSHUDW|UOHUL WDQÕPODQPÕú� 'DKD

VRQUDNL \ÕOODUGD [a, b] NDSDOÕ DUDOÕ÷ÕQGD WDQÕPODQDQ OLQHHU SR]LWLI RSHUDW|UOHUGHQ ]L\DGH

VÕQÕUVÕ] DUDOÕNODUGD RSDUDW|U WDQÕPODPD oDEDVÕ LoHULVLQH JLULOPLú YH ���� \ÕOÕQGD *� 0�

0LUDNMDQ� %HUQVWHLQ RSHUDW|UOHULQL VRQOX DUDOÕNWDQ VÕQÕUVÕ] DUDOÕ÷D JHQLúOHWHUHN� ψ ∈
C [0, ∞) ROPDN �]HUH

Sü(ψ; �) = e−ü�
∞∑

θ=0

(ü�)θ

θ! ψ

(
θ

ü

)

, 0 ≤ � < ∞

úHNOLQGH OLQHHU SR]LWLI RSHUDW|UOHU GL]LVL WDQÕPODPÕúWÕU�0LUDNMDQ� ������

%HUQVWHLQ SROLQRPODUÕQÕQ SR]LWLI UHHO HNVHQH |QHPOL JHQHOOHúWLUPHOHULQGHQ ELUL

GH %DVNDNRY ������ WDUDIÕQGDQ \DSÕOPÕúWÕU� 7DEL EX RSHUDW|UOHUOH VÕQÕUOÕ NDOÕQPDPÕú�

/XSDú ������ RSHUDW|UOHUL� %OHLPDQQ YH DUNDGDúODUÕ ������¶QÕQ WDQÕPODPÕú ROGX÷X

%OHLPDQQ %XW]HU RSHUDW|UOHUL� 3RVW :LGGHU RSHUDW|UOHUL� 3KLOOLSV RSHUDW|UOHUL� +DKQ

RSHUDW|UOHUL� *DPPD RSHUDW|UOHUL YH EX RSHUDW|UOHULQ NHQGL DUDODUÕQGD PRGLIL\H HGLOPLú

KDOOHUL� 6WDQFX� 'XUUPH\HU� .DQWRURYLFK WLSOL JHQHOOHúWLULOPHOHUL WDQÕPODQPÕú� ø]JL ������

%HUQVWHLQ SROLQRPODUÕQÕQ ELU JHQHOOHúWLUPHVLQL úX úHNLOGH WDQÕPODPÕú�

qü,ö,A (�) =
(

ü+A
ü+ö

)ü




ü

θ



 �θ
(

ü+A
ü+ö − �

)ü−θ
, 0 ≤ ö ≤ A ROPDN �]HUH

Fü,ö,A (f ; �) =
∞∑

θ=0
f

(
θ (ü + ö)
ü (ü + A)

)

qü,ö,A (�) , 0 ≤ � ≤ ü + ö

ü + A

GLU� %X oDOÕúPDGDQ HVLQOHQHUHN ö,A ∈ N YH 0 ≤ ö ≤ A ROPDN �]HUH

Nü(f ; �) = e−ü�
∞∑

θ=0

(ü�)θ

θ! f

(
θ

ü

ü + ö

ü + A

)

, 0 ≤ � < ∞ �����

2SHUDW|U� 2XVPDQ ������ WDUDIÕQGDQ \�NVHN OLVDQV WH]L RODUDN oDOÕúÕOPÕúWÕU� ùLPGLGH EX

WH]GHGH NXODQDFD÷ÕPÕ] .ODVLN 6]DV]�'XUUPH\HU RSHUDW|UOHULQLQ WDQÕPÕQÕ YHUHOLP .ODVLN

6]DV]�'XUUPH\HU RSHUDW|UOHULSü,θ (�) = e−ü� (ü�)θ

θ! ROPDN �]HUH

SDü (Ψ; �)) = ü
∞∑

θ=0
Sü,θ (�)

∞∫

0

Sü,θ (τ)ψ (τ) dτ �����

�
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ùHNOLQGHGLU� %L]GH EX WH]GH .ODVLN 6]DV]�'XUUPH\HU 2SHUDW|U�Q�Q ELU JHQHOOHúWLUPHVL

RODQ Mü(g; �) RSHUDW|U�Q� oDOÕúDFD÷Õ]�

��
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���� 0DWHU\DO

%X WH] oDOÕúPDVÕQÕQ ROXúWXUXOPDVÕ DúDPDVÕQGD N�W�SKDQH YH LQWHUQHW

RUWDPÕQGD EXOGX÷XPX] WH] LOH LOJLOL EDVÕOÕ YH GLMLWDO ND\QDNODUGDQ

ID\GDODQÕOPÕúWÕU� g]HOOLNOH KWWSV���ZZZ�UHVHDUFKJDWH�QHW� KWWSV���GHUJLSDUN�RUJ�WU�

KWWSV���WH]�\RN�JRY�WU�8OXVDO7H]0HUNH]L� KWWSV���VFKRODU�JRRJOH�FRP JLEL GLMLWDO

RUWDPODUGDQ� EHQ]HU NRQXODUGD GDKD |QFH \DSÕOPÕú oDOÕúPDODU WHWNLN HGLOHUHN

ID\GDODQÕOPÕúWÕU�

���� <|QWHP

dDOÕúWÕ÷ÕPÕ] Mü(g; �) RSHUDW|U�QGHQ |QFH oDOÕúÕOPÕú RSHUDW|UOHULQ \DNODúÕP

|]HOOLNOHUL YH NXOODQÕODQ \|QWHPOHU WHWNLN HGLOPLúWLU� %X oDOÕúPDGD 6]DV] �'XUUPH\HU

RSHUDW|UOHULQLQ PRGLILNDV\RQX RODQ Mü(g; �) RSHUDW|U� [0, ∞)¶XQ NDSDOÕ YH VÕQÕUOÕ DOW

DUDOÕNODUÕQGD EHQ]HU oDOÕúPDODU \DSÕOPÕúWÕU� dDOÕúPD VRQXoODUÕQÕQ Q�PHULN GH÷HUOHU

WDEORVX WHFKL] HGLOPLú YH 0DSSOH \D]ÕOÕP SURJUDPÕ YDVÕWDVÕ\OD JUDILNOHUOH GHVWHNOHQPLúWLU�

��
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�� $5$ù7,50$ %8/*8/$5, YH 7$57,ù0$

%X E|O�PGH������¶GH .ODVLN 6]DV]�'XUUPH\HU 2SHUDW|U�Q�Q ELU JHQHOOHúWLUPHVL

RODUDN WDQÕPODPÕú ROGX÷XPX] Mn (ψ; �) RSHUDW|U�Q� LQFHOL\HFH÷L]�

7DQÕP ��� ö YH A ∈ N YH � ≤ ö ≤ A�� ≤ � ≤ ∞ ROPDN �]HUH

Mü (ψ; �) = ü. (ü + A)
ü + ö

e−ü�
∞∑

θ=0

(ü�)θ

θ!

∞∫

0

e
−ü.(ü+A)

ü+ö ğ

(
ü.(ü+A)

ü+ö ğ
)θ

θ! ψ
(

$
g
)

d
$
g �����

úHNOLQGH WDQÕPOÕ OLQHHU SR]LWLI RSHUDW|UHMn (ψ; �) RSHUDW|U� GHQLU�

%XUDGD ö = A VHoLOLUVH .ODVLN 6]DV]�'XUUPH\HU 2SHUDW|U�Q� HOGH HGHUL]� ùLPGLGH

Mn (ψ; �) RSHUDW|U�Q�Q OLQHHU YH SR]LWLI ROGX÷XQX J|VWHUHOLP�

∀α1,α2 ∈ R YH ∀ψ1,ψ2 ∈ C [0, D] LoLQ�

0ü ((α1ψ1 + α2ψ2) ; �) = ü.(ü+A)
ü+ö e−ü�

∞∑

θ=0

(ü�)θ

θ!
∞∫

0
e

−ü.(ü+A)
ü+ö ğ ( ü.(ü+A)

ü+ö ğ)θ

θ! (α1ψ1 + α2ψ2) d
$
g

= α1




ü. (ü + A)

ü + ö
e−ü�

∞∑

θ=0

(ü�)θ

θ!

∞∫

0

e
−ü.(ü+A)

ü+ö ğ

(
ü.(ü+A)

ü+ö ğ
)θ

θ! ψ1dğ





+ α2




ü. (ü + A)

ü + ö
e−ü�

∞∑

θ=0

(ü�)θ

θ!

∞∫

0

e
−ü.(ü+A)

ü+ö ğ

(
ü.(ü+A)

ü+ö ğ
)θ

θ! ψ2dğ





= α1Mü (ψ1; �) + α2Mü (ψ2; �)

ROGX÷XQGDQMn (ψ; �) OLQHHU ELU RSHUDW|UG�U�
∀� ∈ [0, D] YH ψ ≥ 0 VHoLOLUVH� e−ü� (ü�)θ

θ! ≥ 0 ROGX÷XQGDQ�

Mü (ψ; �) = ü. (ü + A)
ü + ö

e−ü�
∞∑

θ=0

(ü�)θ

θ!

∞∫

0

e
−ü.(ü+A)

ü+ö ğ

(
ü.(ü+A)

ü+ö ğ
)θ

θ! ψd
$
g ≥ 0

Mü (ψ; �) SR]LWLI ELU RSHUDW|UG�U�

/HPPD ��� �����µGH WDQÕPODGÕ÷ÕPÕ] Mü (ψ; �) RSHUDW|U�� ∀� ∈ [0, ∞] LoLQ DúD÷ÕGDNL

HúLWOLNOHUL VD÷ODU�

��
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�� Mü (1; �) = 1

�� Mü (t; �) = � − (A−ö)
ü+A � + (ü+ö)

ü(ü+A)

�� Mü (t2; �) = �2 − 2ü(A−ö)+A2−ö2

(ü+A)2 �2 + 4(ü+ö)2

ü(ü+A)2� + 2(ü+ö)2

ü2(ü+A)2

�� Mü (t3; �) = �3 − 3(ü+A)(ü+ö)(A−ö)+(A−ö)3

(ü+A)3 �3

+ 9(ü+ö)3

ü(ü+A)3�2 + 18(ü+ö)3

ü2(ü+A)3� + 6(ü+ö)3

ü3(ü+A)3

�� Mü (t4; �) = �4 − (ü+A)(A−ö)[4(ü+A)2−6(ü+A)(A−ö)+4(A−ö)2]+(A−ö)4

(ü+A)4 �4

+ 16(ü+ö)3

ü(ü+A)4 �3 + 72(ü+ö)3

ü2(ü+A)4�2 + 96(ü+ö)3

ü3(ü+A)4� + 24(ü+ö)4

ü4(ü+A)4

øVSDW�

��

Mü (ψ; �) = ü. (ü + A)
ü + ö

e−ü�
∞∑

θ=0

(ü�)θ

θ!

∞∫

0

e
−ü.(ü+A)

ü+ö ğ

(
ü.(ü+A)

ü+ö ğ
)θ

θ! ψ
(

$
g
)

d
$
g �����

u = ü(ü+A)
ü+ö ğ G|Q�ú�P� \DSDUVDN ğ = ü+ö

ü(ü+A)u ⇒ dğ = ü+ö
ü(ü+A)du ROXU� ����� GH

\HULQH \D]DUVDN�

Mü (ψ; �) = ü. (ü + A)
ü + ö

e−ü�
∞∑

θ=0

(ü�)θ

θ!

∞∫

0

e−u (u)θ

θ!
ü + ö

ü (ü + A)ψdu

Mü (ψ; �) = e−ü�
∞∑

θ=0

(ü�)θ

θ!.θ!

∞∫

0

e−u(u)θψdu �����

Mü (1; �) = e−ü�
∞∑

θ=0

(ü�)θ

θ!.θ!

∞∫

0

e−u(u)θ1du �����

HOGH HGLOLU� *DPPD IRQNVL\RQX Γ (ü + 1) =
∞∫

0
�üe−�d� = ü! úHNOLQGH WDQÕPOÕ

ROGX÷XQGDQ
∞∫

0
e−uuθdu = θ!

Mü (1; �) = e−ü�
∞∑

θ=0

(ü�)θ

θ!
θ!
θ! = e−ü�

∞∑

θ=0

(ü�)θ

θ! = 1

��
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��

Mü (t; �) =e−ü�
∞∑

θ=0

(ü�)θ

θ!.θ!

∞∫

0

e−u(u)θ ü + ö

ü (ü + A)udu

= ü + ö

ü (ü + A)e−ü�
∞∑

θ=0

(ü�)θ

θ!.θ!

∞∫

0

e−u(u)θ+1du �����

HúLWOL÷LQL HOGH HGHUL]� %XUDGDQ \LQH *DPPD IRQNVL\RQX \DUGÕPÕ LOH

Mü (t; �) = ü + ö

ü (ü + A)e−ü�
∞∑

θ=0

(ü�)θ

θ!.θ! (θ + 1)!

= ü + ö

ü (ü + A)e−ü�
∞∑

θ=0

(ü�)θ

θ! (θ + 1)

= ü + ö

ü (ü + A)e−ü�
∞∑

θ=0

(ü�)θ

θ! θ + ü + ö

ü (ü + A)e−ü�
∞∑

θ=0

(ü�)θ

θ! 1

= ü + ö

ü (ü + A) ü�e−ü�
∞∑

k=0

(ü�)θ−1

(θ − 1)! + ü + ö

ü (ü + A)e−ü�
∞∑

θ=0

(ü�)θ

θ! 1

= ü + ö

ü (ü + A) (ü� + 1)

=� − (A − ö)
(ü + A)� + ü + ö

ü (ü + A)

HOGH HGLOLU�

��

Mü

(
t2; �

)
= e−ü�

∞∑

θ=0

(ü�)θ

θ!.θ!
∞∫

0
e−u(u)θ

(
ü+ö

ü(ü+A)

)2
u2du

=
(

ü+ö
ü(ü+A)

)2
e−ü�

∞∑

θ=0

(ü�)θ

θ!.θ!
∞∫

0
e−u(u)θ+2du �����

��
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HúLWOL÷LQL HOGH HGHUL]� *DPPD IRQNVL\RQX \DUGÕPÕ LOH

Mü

(
t2; �

)
=

(
ü + ö

ü (ü + A)

)2

e−ü�
∞∑

θ=0

(ü�)θ

θ!.θ! (θ + 2)!

=
(

ü + ö

ü (ü + A)

)2

e−ü�
∞∑

θ=0

(ü�)θ

θ! (θ + 2) (θ + 1)

=
(

ü + ö

ü (ü + A)

)2

e−ü�
∞∑

θ=0

(ü�)θ

θ!
(
θ2 + 3θ + 2

)

=
(

ü + ö

ü (ü + A)

)2 [

e−ü�
∞∑

θ=0

(ü�)θ

θ! θ2
]

+
(

ü + ö

ü (ü + A)

)2 [

3e−ü�
∞∑

θ=0

(ü�)θ

θ! θ + 2e−ü�
∞∑

θ=0

(ü�)θ

θ!

]

=
(

ü + ö

ü (ü + A)

)2 [

e−ü�
∞∑

θ=0

(ü�)θ

θ! [θ (θ − 1) + θ]
]

+
(

ü + ö

ü (ü + A)

)2 [

3e−ü�
∞∑

θ=0

(ü�)θ

θ! θ + 2e−ü�
∞∑

θ=0

(ü�)θ

θ!

]

=
(

ü + ö

ü (ü + A)

)2 [

e−ü�
∞∑

θ=0

(ü�)θ

θ! θ (θ − 1)
]

+
(

ü + ö

ü (ü + A)

)2 [

4e−ü�
∞∑

θ=0

(ü�)θ

θ! θ + 2e−ü�
∞∑

θ=0

(ü�)θ

θ!

]

=
(

ü + ö

ü (ü + A)

)2 [

ü2�2e−ü�
∞∑

θ=0

(ü�)θ−2

(θ − 2)!

]

+
(

ü + ö

ü (ü + A)

)2 [

4ü�e−ü�
∞∑

θ=0

(ü�)θ−1

(θ − 1)! + 2e−ü�
∞∑

θ=0

(ü�)θ

θ!

]

=
(

ü + ö

ü (ü + A)

)2 [
ü2�2 + 4ü� + 2

]

=
(

ü + ö

ü (ü + A)

)2 [
�2 + 4�

ü
+ 2

ü2

]
�����

= �2 − (ü + A)2 − (ü + ö)2

(ü + A)2 �2 + 4(ü + ö)2

ü(ü + A)2� + 2(ü + ö)2

ü2(ü + A)2

= �2 − 2ü (A − ö) + A2 − ö2

(ü + A)2 �2 + 4(ü + ö)2

ü(ü + A)2χ+ 2(ü + ö)2

ü2(ü + A)2

��

Mü

(
t3; �

)
= e−ü�

∞∑

θ=0

(ü�)θ

θ!

∞∫

0

e−u(u)θ

θ!

(
ü + ö

ü (ü + A)

)3

u3du

=
(

ü + ö

ü (ü + A)

)3

e−ü�
∞∑

θ=0

(ü�)θ

θ!.θ!

∞∫

0

e−u(u)θ+3du �����

��
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HúLWOL÷LQL HOGH HGHUL]� *DPPD IRQNVL\RQX \DUGÕPÕ LOH

=
(

ü + ö

ü (ü + A)

)3

e−ü�
∞∑

θ=0

(ü�)θ

θ!.θ! (θ + 3)!du

=
(

ü + ö

ü (ü + A)

)3

e−ü�
∞∑

θ=0

(ü�)θ

θ! (θ + 3) (θ + 2) (θ + 1)

=
(

ü + ö

ü (ü + A)

)3

e−ü�
∞∑

θ=0

(ü�)θ

θ!
(
θ3 + 6θ2 + 11θ + 6

)

=
(

ü + ö

ü (ü + A)

)3 [

e−ü�
∞∑

θ=0

(ü�)θ

θ! θ3
]

+
(

ü + ö

ü (ü + A)

)3 [

6e−ü�
∞∑

θ=0

(ü�)θ

θ! θ2 + 11e−ü�
∞∑

θ=0

(ü�)θ

θ! θ

]

+
(

ü + ö

ü (ü + A)

)3 [

6e−ü�
∞∑

θ=0

(ü�)θ

θ!

]

=
(

ü + ö

ü (ü + A)

)3 [

e−ü�
∞∑

θ=0

(ü�)θ

θ!
(
θ (θ − 1) (θ − 2) + 3θ2 − 2θ

)]

+
(

ü + ö

ü (ü + A)

)3 [

6e−ü�
∞∑

θ=0

(ü�)θ

θ! θ2 + 11e−ü�
∞∑

θ=0

(ü�)θ

θ! θ

]

+
(

ü + ö

ü (ü + A)

)3 [

6e−ü�
∞∑

θ=0

(ü�)θ

θ!

]

=
(

ü + ö

ü (ü + A)

)3 [

e−ü�
∞∑

θ=0

(ü�)θ

θ! θ (θ − 1) (θ − 2)
]

+
(

ü + ö

ü (ü + A)

)3 [

9e−ü�
∞∑

θ=0

(ü�)θ

θ! θ2 + 9e−ü�
∞∑

θ=0

(ü�)θ

θ! θ

]

+
(

ü + ö

ü (ü + A)

)3 [

6e−ü�
∞∑

θ=0

(ü�)θ

θ!

]

=
(

ü + ö

ü (ü + A)

)3 [

ü3�3e−ü�
∞∑

θ=0

(ü�)θ−3

(θ − 3)!

]

+
(

ü + ö

ü (ü + A)

)3 [

9e−ü�
∞∑

θ=0

(ü�)θ

θ! (θ (θ − 1) + θ) + 9e−ü�
∞∑

θ=0

(ü�)θ

θ! θ

]

+
(

ü + ö

ü (ü + A)

)3 [

6e−ü�
∞∑

θ=0

(ü�)θ

θ!

]

=
(

ü + ö

ü (ü + A)

)3 [

ü3�3e−ü�
∞∑

θ=0

(ü�)θ−3

(θ − 3)!

]

+
(

ü + ö

ü (ü + A)

)3 [

9ü2�2e−ü�
∞∑

θ=0

(ü�)θ−2

(θ − 2)! + 18ü�e−ü�
∞∑

θ=0

(ü�)θ−1

(θ − 1)!

]

+
(

ü + ö

ü (ü + A)

)3 [

6e−ü�
∞∑

θ=0

(ü�)θ

θ!

]

��
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=
(

ü + ö

ü (ü + A)

)3 [
ü3�3 + 9ü2�2 + 18ü� + 6

]

=
(

ü + ö

ü (ü + A)

)3 [

�3 + 9�2

ü
+ 18�

ü2 + 6
ü3

]

= �3 − 3 (ü + A) (ü + ö) (A − ö) + (A − ö)3

(ü + A)3 �3

+ 9(ü + ö)3

ü(ü + A)3�
2 + 18(ü + ö)3

ü2(ü + A)3� + 6(ü + ö)3

ü3(ü + A)3 ������

��

Mü

(
t4; �

)
= e−ü�

∞∑

θ=0

(ü�)θ

θ!

∞∫

0

e−u(u)θ

θ!

(
ü + ö

ü (ü + A)

)4

u4du

=
(

ü + ö

ü (ü + A)

)4

e−ü�
∞∑

θ=0

(ü�)θ

θ!.θ!

∞∫

0

e−u(u)θ+4du

*DPPD IRQNVL\RQX ID\GDODQÕUVDN�

=
(

ü + ö

ü (ü + A)

)4

e−ü�
∞∑

θ=0

(ü�)θ

θ!.θ! (θ + 4)!

=
(

ü + ö

ü (ü + A)

)4

e−ü�
∞∑

θ=0

(ü�)θ

θ! (θ + 4) (θ + 3) (θ + 2) (θ + 1)

=
(

ü + ö

ü (ü + A)

)4

e−ü�
∞∑

θ=0

(ü�)θ

θ!
(
θ4 + 10θ3 + 35θ2 + 50θ + 24

)

=
(

ü + ö

ü (ü + A)

)4

e−ü�
∞∑

θ=0

(ü�)θ

θ! θ4

+
(

ü + ö

ü (ü + A)

)4

e−ü�
∞∑

θ=0

(ü�)θ

θ!
(
10θ3 + 35θ2 + 50θ + 24

)

=
(

ü + ö

ü (ü + A)

)4

e−ü�
∞∑

θ=0

(ü�)θ

θ! [θ (θ − 1) (θ − 2) (θ − 3)]

+
(

ü + ö

ü (ü + A)

)4

e−ü�
∞∑

θ=0

(ü�)θ

θ!
[
6θ3 − 11θ2 + 6θ

]

+
(

ü + ö

ü (ü + A)

)4

e−ü�
∞∑

θ=0

(ü�)θ

θ!
(
10θ3 + 35θ2 + 50θ + 24

)

��
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=
(

ü + ö

ü (ü + A)

)4

ü4�4e−ü�
∞∑

θ=0

(ü�)θ−4

(θ − 4)!

+
(

ü + ö

ü (ü + A)

)4

e−ü�
∞∑

θ=0

(ü�)θ

θ!
(
16θ3 + 24θ2 + 56θ + 24

)

=
(

ü + ö

ü (ü + A)

)4

ü4�4

+ 16
(

ü + ö

ü (ü + A)

)4

e−ü�
∞∑

θ=0

(ü�)θ

θ! θ3 + 24
(

ü + ö

ü (ü + A)

)4

e−ü�
∞∑

θ=0

(ü�)θ

θ! θ2

+ 56
(

ü + ö

ü (ü + A)

)4

e−ü�
∞∑

θ=0

(ü�)θ

θ! θ + 24
(

ü + ö

ü (ü + A)

)4

=
(

ü + ö

ü (ü + A)

)4

ü4�4

+ 16
(

ü + ö

ü (ü + A)

)4 (
ü3�3 + 3ü2�2 + ü�

)
+ 24

(
ü + ö

ü (ü + A)

)4 (
ü2�2 + ü�

)

+ 56
(

ü + ö

ü (ü + A)

)4

(ü�) + 24
(

ü + ö

ü (ü + A)

)4

=
(

ü + ö

ü (ü + A)

)4 [
ü4�4 + 16ü3�3 + 72ü2�2 + 96ü� + 24

]

=
(

ü + ö

ü (ü + A)

)4 [

�4 + 16�3

ü
+ 72�2

ü2 + 96�
ü3 + 24

ü4

]

= �4 − (ü + A)4 − (ü + ö)4

(ü + A)4 �4 + 16(ü + A)4

ü(ü + A)4 �
3

+ 72(ü + ö)4

ü2(ü + A)4�
2 + 96(ü + ö)4

ü3(ü + A)4� + 24(ü + ö)4

ü4(ü + A)4

= �4 +
(A − ö) (ü + A)

[
−4(ü + A)2 + (A − ö) [6 (ü + A) − 4]

]
+ (A − ö)4

(ü + A)4 �4

+ 16(ü + A)4

ü(ü + A)4 �
3 + 72(ü + ö)4

ü2(ü + A)4�
2 + 96(ü + ö)4

ü3(ü + A)4� + 24(ü + ö)4

ü4(ü + A)4

"

/HPPD ��� �����µGH WDQÕPODGÕ÷ÕPÕ] Mü (ψ; �) RSHUDW|U�Q�Q PHUNH]L PRPHQWOHULQLQ

ED]ÕODUÕ ú|\OHGLU�

L � Mü

(
(t − �)0; �

)
= Mü (1; �) = 1

LL � Mü ((t − �) ; �) = −A−ö
ü+A� + ü+ö

ü(ü+A)

��
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LLL � Mü

(
(t − �)2; �

)
= (A−ö)2

(ü+A)2�2 + 2[(ü+ö)(ü+2ö−A)]
ü(ü+A)2 � + 2(A−ö)2

ü2(ü+A)2

LY �

Mü

(
(t − �)3; �

)
= − (A − ö)3

(ü + A)3�
3 + 3 [(ü + ö) (2ü + 3ö − A) (ö − A)]

ü(ü + A)3 �2

+ 6 [(ü + ö) (2ü + 3ö − A)]
ü2(ü + A)3 � + 6(A − ö)3

ü3(ü + A)3 ������

Y � 0ü

(
(t − �)4; �

)
= (A − ö) (ü + A) [ 6(A−ö)(ü+A)−4(A−ö)+(A−ö)4

(ü+A)4

+ 4(A − ö)2 − 6 (ü + A) (A + ö) + 12 (ü + A)
(ü + A)4 ]�4 ������

+
4 (ü + ö)

[
4(ü + ö)3 − 9(ü + ö)2 (ü + A)

]

ü(ü + A)4 �2

+
4 (ü + ö)

[
6 (ü + ö) (ü + A)2 − (ü + A)3]

ü(ü + A)4 �2

+
12(ü + ö)2 [6 (ü + ö) (ö − A) (ü + A)2]

ü2(ü + A)4 �2

+ 24(ü + ö)3 (3ü + 4ö − A)
ü3(ü + A)4 � + 24(ü + ö)4

ü4(ü + A)4

øVSDW�

L � �����¶WHQ

Mü

(
(t − �)0; �

)
= Mü (1; �) = 1

ROGX÷X DoÕNWÕU�

LL �

Mü ((t − �) ; �) = Mü (t; �) − �Mü (1; �)

\D]DELOLUL]� ������ YH �����¶WHQ�

Mü ((t − �) ; �) = Mü (t; �) − �Mü (1; �)

= � − A − ö

ü + A
� + ü + ö

ü (ü + A) − �

= −A − ö

ü + A
� + ü + ö

ü (ü + A) ������

��
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LLL �

Mü

(
(t − �)2; �

)
= Mü

((
t22�t + �2

)
; �
)

= Mü

(
t2; �

)
− 2�Mü (t; �) + �2Mü (1; �)

\D]DELOLUL]�/HPPD �����¶GHQ�

= �2 − 2ü (A − ö) + A2 − ö2

(ü + A)2 �2 + 4(ü + ö)2

ü(ü + A)2� + 2(ü + ö)2

ü2(ü + A)2

− 2�
[

� − (A − ö)
(ü + A)� + ü + ö

ü (ü + A)

]

+ �2

= (A − ö)2

(ü + A)2�
2 + 2 (ü + ö) (ü + 2ö − A)

ü(ü + A)2 � + 2(ü + ö)2

ü2(ü + A)2 ������

LY �

Mü

(
(t − �)3; �

)
= Mü

((
t3 − 3t2 + 3�2t − �3

)
; �
)

= Mü

(
t3; �

)
− 3Mü

(
t2; �

)
+ 3�2Mü (t; �) − �3Mü (1; �)

\D]DELOLUL]� /HPPD �����¶GHQ�

= �3 − 3 (ü + A) (ü + ö) (A − ö) + (A − ö)3

(ü + A)3 �3

+ 9(ü + ö)3

ü(ü + A)3�
2 + 18(ü + ö)3

ü2(ü + A)3� + 6(ü + ö)3

ü3(ü + A)3

− 3
[

�2 − 2η (A − ö) + A2 − ö2

(ü + A)2 �2 + 4(ü + ö)2

ü(ü + A)2� + 2(ü + ö)2

ü2(ü + A)2

]

+ 3�2
[

� − (A − ö)
(ü + A)� + ü + ö

ü (ü + A)

]

− �3

= − (A − ö)3

(ü + A)3�
3 + 3 [(ü + ö) (2ü + 3ö − A) (A − ö)]

ü(ü + A)3 �2

+ 6 [(ü + ö) (2ü + 3ö − A)]
ü2(ü + A)3 � + 6(A − ö)3

ü3(ü + A)3 ������

Y �

Mü

(
(t − �)4; �

)
= Mü

((
t4 − 4t3� + 6�2t2 − 4�3t + �4

)
; �
)

= Mü

(
t4; �

)
− 4�Mü

(
t3; �

)
+ 6�2Mη

(
t2; �

)

− 4�3Mü (t; �) + �4Mü (1; �)

\D]DELOLUL]� /HPPD �����¶GHQ�

��
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 �4 + (A−ö)(ü+A)[−4(ü+A)2+6(A−ö)(ü+A)−4(A−ö)]+(A−ö)4

(ü+A)4 �4

+ 16(ü + A)4

ü(ü + A)4 �
3 + 72(ü + ö)4

ü2(ü + A)4�
2 + 96(ü + ö)4

ü3(ü + A)4� + 24(ü + ö)4

ü4(ü + A)4 ������

− 4�
(

ü + ö

ü (ü + A)

)3 [

�3 + 9�2

ü
+ 18�

ü2 + 6
ü3

]

+ 6�2
(

ü + ö

(ü + A)

)2 [
�2 + 4�

ü
+ 2

ü2

]

− 4�3 ü + ö

ü (ü + A) (ü� + 1) + �4

= (A − ö) (ü + A) [6 (A − ö) (ü + A) − 4 (A − ö) + (A − ö)4

(ü + A)4

+ 4(A − ö)2 − 6 (ü + A) (A + ö) + 12 (ü + A)
(ü + A)4 ]�4

+
4 (ü + ö)

[
4(ü + ö)3 − 9(ü + ö)2 (ü + A)

]

ü(ü + A)4 �2

+
4 (ü + ö)

[
6 (ü + ö) (ü + A)2 − (ü + A)3]

ü(ü + A)4 �2

+
12(ü + ö)2 [6 (ü + ö) (ö − A) (ü + A)2]

ü2(ü + A)4 �2

+ 24(ü + ö)3 (3ü + 4ö − A)
ü3(ü + A)4 � + 24(ü + ö)4

ü4(ü + A)4

"

7HRUHP ��� D > 0 ROPDN �]HUH ψ ∈ C [0, D] YH ψ E�W�Q UHHO HNVHQGH VÕQÕUOÕ ROVXQ� %X

GXUXPGD Mü (ψ; �) RSHUDW|U� G�]J�Q \DNÕQVDNWÕU�

øVSDW� 7HRUHP ����¶GH YHULOHQ .RURYNLQ WHRUHPL \DUGÕPÕ\OD ü → ∞ LoLQ

� � Mü (1; �) ⇒ 1

� � Mü (t; �) ⇒ �

� � Mü (t2; �) ⇒ �2

ROGX÷XQX J|VWHULUVHN LVSDW WDPDPODQÕU�

� � ‖Mü1 − 1‖C[0,D] = 0 ROGX÷X DoÕNWÕU�

��
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� � /HPPD �����¶GHQ�

‖Müt − �‖C[0,D] = lim
ü→∞

Sup
�∈[0,D]

∣∣∣∣∣� − A − ö

ü + A
� + ü + ö

η (ü + A) − �
∣∣∣∣∣

= lim
ü→∞

Sup
�∈[0,D]

∣∣∣∣∣−
A − ö

ü + A
� + ü + ö

η (ü + A)

∣∣∣∣∣

= lim
ü→∞

∣∣∣∣∣−
A − ö

ü + A
D + ü + ö

η (ü + A)

∣∣∣∣∣

HúLWOL÷LQH XODúÕUÕ]� %XUDGDNL VXSUHPXP VRQOX ELU GH÷HU ROGX÷XQGDQ

‖Müt − �‖C[0,D]= lim
ü→∞

∣∣∣∣∣−
A − ö

ü + A
D + ü + ö

ü (ü + A)

∣∣∣∣∣ = 0 ������

ROXU�

� � /HPPD �����¶GHQ�

∥∥∥Müt2 − �2
∥∥∥

C[0,D]
= lim

ü→∞
Sup
�∈[0,D]

∣∣∣�2 − 2ü(A−ö)+A2−ö2

(ü+A)2 �2 + 4(ü+ö)2

ü(ü+A)2� + 2(ü+ö)2

ü2(ü+A)2 − �2
∣∣∣

= lim
ü→∞

Sup
�∈[0,D]

∣∣∣∣∣−
2ü (A − ö) + A2 − ö2

(ü + A)2 �2 + 4(ü + ö)2

ü(ü + A)2� + 2(ü + ö)2

ü2(ü + A)2

∣∣∣∣∣

= lim
ü→∞

∣∣∣∣∣
2ü (A − ö) + A2 − ö2

(ü + A)2 D2 + 4(ü + ö)2

ü(ü + A)2 D + 2(ü + ö)2

ü2(ü + A)2

∣∣∣∣∣

HúLWOL÷LQL HOGH HGHUL]� %XUDGDNL VXSUHPXP VRQOX ELU GH÷HU ROGX÷XQGDQ�

∥∥∥Müt2 − �2
∥∥∥

C[0,D]
= lim

ü→∞

∣∣∣2ü(A−ö)+A2−ö2

(ü+A)2 D2 + 4(ü+ö)2

ü(ü+A)2 D + 2(ü+ö)2

ü2(ü+A)2

∣∣∣ = 0

ROXU YH LVSDW WDPDPODQÕU� "

7HRUHP ��� Mü (ψ; �) RSHUDWRU�Q�Q \DNODúÕP KÕ]Õ V�UHNOLOLN PRG�O�QGHQ LVWLIDGH

HGLOHUHN ∀ψ ∈ C [0, D] LoLQ�

‖Mü (ψ; �) − ψ (�)‖ ≤ Kω

(

ψ; 1√
ü

)

úHNOLQGH KHVDSODQPÕúWÕU�

��
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øVSDW�

6�UHNOLOLN PRG�O�Q�Q |]HOOLNOHULQGHQ�

|ψ (t) − ψ (�)| ≤
(

1 + |t − �|
δ

)

ω (ψ; δ)

|Mü (ψ (t) ; �) − ψ (�)| = |Mü ((ψ (t) − ψ (�)) ; �)|

≤ Mü (|ψ (t) − ψ (�)| ; �)

≤ Mü (ω (ψ |t − �|) ; �)

≤ ω (ψ; δ)Mü

((

1 + |t − �|
δ

)

; �
)

EXUDGD &DXFK\�6FKZDUW] HúLWVL]OL÷L NXOODQÕUVDN

|Mü (ψ (t) ; �) − ψ (�)| ≤
(

1 + 1
δ

√
Mü

(
(t − �)2; �

))

ω (ψ; δ)

/HPPD �����¶WHQ

|Mü (ψ (t) ; �) − ψ (�)| ≤
(

1 + 1
δ

√
Mü

(
(t − �)2; �

))

ω (ψ; δ)

=


1 + 1
δ

√√√√ (A − ö)2

(ü + A)2�
2 + 2 [(ü + ö) (ü + 2ö − A)]

ü(ü + A)2 � + 2(A − ö)2

ü2(ü + A)2



ω (ψ; δ)

EXOGX÷XPX] EX VRQ LIDGHQLQ PDNVLPXP ROPDVÕ LoLQ� 0 ≤ � ≤ D ROGX÷XQGDQ � = D

DOÕUVDN�

|Mü (ψ (t) ; �) − ψ (�)| ≤
(

1 + 1
δ

√
ü2(A−ö)2

ü2(ü+A)2 D2 + 2ü[(ü+ö)(ü+2ö−A)]
ü2(ü+A)2 D + 2(A−ö)2

ü2(ü+A)2

)
ω (ψ; δ)

≤
(

1 + 1
δ

√
ü2(A−ö)2

ü2(ü+A)2 D2 + 2ü[(ü+ö)(ü+2ö−A)]
ü2(ü+A)2 D2 + 2(A−ö)2

ü2(ü+A)2 D2
)
ω (ψ; δ) ������

≤
(

1 + 1
δ

√
ü2(A−ö)2+2ü[(ü+ö)(ü+2ö−A)]+2(A−ö)2

ü2(ü+A)2 D
)
ω (ψ; δ)

≤
(

1 + 1
δ

√
ü2A2−2ü2öA+A2−2ü3+6ü2ö−2ü2A+4üö2−2üöA+2ü2+4üö+2ö2

ü2(ü+A)2 D
)
ω (ψ; δ)

VRQ LIDGHQLQ PDNVLPXP ROPDVÕ LoLQ QHJDWLI LIDGHOHUL oÕNDUÕS ö ≤ � ≤ A ROGX÷XQGDQ ö

��
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\HULQH A \D]DUVDN YH JHUHNOL LúOHPOHUL \DSDUVDN�

≤
(

1 + 1
δ

√
2ü2A2+2ü3+6ü2A+4üA2+2ü2+4üA+2A2

ü2(ü+A)2 D
)
ω (ψ; δ)

≤
(

1 + 1
δ

√
2ü3+2ü2(A2+6A+2)+4ü(A2+A)+2A2

ü2(ü+A)2 D
)
ω (ψ; δ)

≤
(

1 + 1
δ

√
2ü3(A+3)2+2ü3(A+3)2+4ü3(A+3)2+2ü3(A+3)2

ü2(ü+A)2 D
)
ω (ψ; δ)

≤
(

1 + 1
δ

√
10ü3(A+3)2

ü4 D

)

ω (ψ; δ)

≤
(
1 +

√
101

δ
(A+3)√

ü
D
)
ω (ψ; δ)

δ = 1√
ü
YH K =

√
10 (A + 3) D + 1 DOÕUVDN�

‖Mü (ψ; �) − ψ (�)‖ ≤ Kω

(

ψ; 1√
ü

)

ROXU YH LVSDW WDPDPODQPÕú ROXU� "

7HRUHP ��� ψ IRQNVL\RQX /LSVFKLW] NRúXOXQX VD÷OÕ\RUVD�

‖Mü (ψ (t) ; �) − ψ (�)‖C[0,D] = O




(

10(A + 3)2

ü
D2
)α/2





¶GÕU�

øVSDW�

Mü (ψ; �) RSHUDW|U� OLQHU ROGX÷XQGDQ YHMü (1; �) = 1 ROGX÷XQGDQ�

|Mü (ψ; �) − ψ (�)| = |Mü (ψ; �) − ψ (�)Mü (1; �)|

= |Mü (ψ; �) − Mü (ψ (�) ; �)|

≤ (Mü |ψ (t) − ψ (�)| ; �) ������

\D]DELOLUL]� ψ IRQNVL\RQX /LSVFKLW] NRúXOXQX VD÷ODGÕ÷ÕQGDQ�

|(ψ (t)) − ψ (�)| ≤ M |t − �|α

EX LIDGH ������¶GH \HULQH \D]ÕOÕUVD�

|Mü (ψ; �) − ψ (�)| ≤ MMü (|t − �|α; �)

+|OGHU HúLWVL]OL÷LQGHQ�

Mü (|t − �|α; �) ≤ Mü

(
(t − �)2; �

)α/2

��
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ROXU� 2 KDOGH�

|Mü (ψ; �) − ψ (�)| ≤ M

(
2ü3 + 2ü2 (A2 + 6A + 2) + 4ü (A2 + A) + 2A2

ü2(ü + A)2 D2
)α/2

%|\OHFH�

‖Mü (ψ; �) − ψ (�)‖C[0,D] ≤ M

(
2ü3 + 2ü2 (A2 + 6A + 2) + 4ü (A2 + A) + 2A2

ü2(ü + A)2 D2
)α/2

≤ M

(
2ü3(A + 3)2 + 2ü3(A + 3)2 + 4ü3(A + 3)2 + 2ü3(A + 3)2

ü2(ü + A)2 D2
)α/2

≤ M

(
10ü3(A + 3)2

ü4 D2
)α/2

≤ M

(
10(A + 3)2

ü
D2
)α/2

������

EXOXQXU YH LVSDW WDPDPODQÕU� "

7HRUHP ��� ψ IRQNVL\RQX W�UHYOHQHELOLU YH W�UHYL [0, D] DUDOÕ÷ÕQGD V�UHNOL YH VÕQÕUOÕ ELU

IRQNVL\RQ ROVXQ� %X GXUXPGD EHOLUOL ELU üµGHQ VRQUD�

|Mü (ψ; �) − ψ (�)| ≤ M

ü2 +
(√

10 + 10
)( 1√

ü
(A + 3) D

)

ω

(

ψ′; 1√
ü

(A + 3) D

)

GÕU�

øVSDW� ψ IRQNVL\RQX W�UHYOHQHELOLU YH W�UHYL [0, D] DUDOÕ÷ÕQGD V�UHNOL YH W�P UHHO HNVHQGH

VÕQÕUOÕ ELU IRQNVL\RQ ROGX÷XQGDQ t, � ∈ [0, D]LoLQ RUWDODPD GH÷HU WHRUHPLQGHQ t LOH �

DUDVÕQGD |\OH ELU u YDUGÕU NL� �

ψ′ (u) = ψ (t) − ψ (�)
t − �

� GLU� %XUDGDQ

ψ (t) − ψ (�) = ψ′ (u) (t − �)

ROXU� (úLWOL÷LQ VD÷ WDUDIÕQD

−ψ′ (�) + ψ′ (�)

HNOHQLUVH� �

ψ (t) − ψ (�) = (t − �)ψ′ (�) + (t − �) (ψ′ (u) − ψ′ (�))

��
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HOGH HGLOLU�Mü (ψ; �) J|U�QW�V�Q� DOÕUVDN�

Mü (ψ (t) − ψ (�)) = Mü (t − �; �)ψ′ (�) + Mü ((t − �) (ψ′ (u) − ψ′ (�) ; �))

/HPPD �����¶WHQ�

Mü (ψ (t) − ψ (�)) =ψ′ (�)
[

−A − ö

ü + A
� + ü + ö

ü (ü + A)

]

+Mü ((t − �) (ψ′ (u) − ψ′ (�) ; �)) ������

HOGH HGLOLU� u� t LOH � DUDVÕQGD ROGX÷XQGDQ |u − �| ≤ |t − �| ROXU� 6�UHNOLOLN PRG�O�Q�Q
|]HOOL÷LQGHQ�

|ψ′ (u) − ψ′ (�)| ≤ ω (ψ′; |u − �|) ≤ω (ψ′; |t − �|)

≤
(

1 + t − �
δü

)
ω (ψ′; δü) ������

HOGH HGLOLU�%XOGX÷XPX] EX LIDGH\L ������¶GH \HULQH \D]DUVDN�

Mü (ψ; �) − ψ (�) =
∣∣∣∣∣−

A − ö

ü + A
�ψ′ (�) + ü + ö

ü (ü + A)ψ
′ (�)

∣∣∣∣∣

+ Mü (|t − �| |ψ′ (u) − ψ′ (�)| ; �)

≤
∣∣∣∣∣−

A − ö

ü + A
�ψ′ (�) + ü + ö

ü (ü + A)ψ
′ (�)

∣∣∣∣∣

+ Mü

(

|t − �|
(

1 + |t − �|
δü

)

; �
)

ω (ψ′; δü)

≤
∣∣∣∣∣−

A − ö

ü + A
�ψ′ (�) + ü + ö

ü (ü + A)ψ
′ (�)

∣∣∣∣∣

+ Mü

(
|t − �| + 1

δü
(t − �)2; �

)
ω (ψ′; δü)

&DXFK\ 6FKZDUW] HúLWVL]OL÷LQGHQ�

|Mü (ψ; �) − ψ (�)| ≤
∣∣∣∣∣−

A − ö

ü + A
�ψ′ (�) + ü + ö

ü (ü + A)ψ
′ (�)

∣∣∣∣∣

+
(
Mü

(
(t − �)2; �

)1/2 + 1
δü

(
Mü(t − �)2; �

))
ω (ψ′; δü)

VD÷ODQÕU�

Mü

(
(t − �)2; �

)
= (A − ö)2

(ü + A)2�
2 + 2 [(ü + ö) (ü + 2ö − A)]

ü(ü + A)2 � + 2(A − ö)2

ü2(ü + A)2

��
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ROGX÷X ELOLQPHNWHGLU�

max
0≤�≤D

(
(A − ö)2

(ü + A)2�
2 + 2 [(ü + ö) (ü + 2ö − A)]

ü(ü + A)2 � + 2(A − ö)2

ü2(ü + A)2

)1/2

=
(

(A − ö)2

(ü + A)2 D2 + 2 [(ü + ö) (ü + 2ö − A)]
ü(ü + A)2 D + 2(A − ö)2

ü2(ü + A)2

)1/2

≤
(

ü2(A − ö)2 + 2ü [(ü + ö) (ü + 2ö − A)] + 2(A − ö)2

ü2(ü + A)2 D2
)1/2

≤

√√√√ ü2A2 − 2ü2öA + A2 − 2ü3 + 6ü2ö − 2ü2A + 4üö2 − 2üöA + 2ü2 + 4üö + 2ö2

ü2(ü + A)2 D2

VRQ LIDGHQLQ PDNVLPXP ROPDVÕ LoLQ QHJDWLI LIDGHOHUL oÕNDUÕS ö ≤ � ≤ A ROGX÷XQGDQ ö

\HULQH A \D]DUVDN YH JHUHNOL LúOHPOHUL \DSDUVDN�

=
√√√√2ü3 + 2ü2 (A2 + 6A + 2) + 4ü (A2 + A) + 2A2

ü2(ü + A)2 D

≤

√√√√2ü3(A + 3)2 + 2ü3(A + 3)2 + 4ü3(A + 3)2 + 2ü3(A + 3)2

ü2(ü + A)2 D

≤

√
10ü3(A + 3)2

ü4 D

≤
√

10
ü

(A + 3) D

ROXU� %X GXUXPGD

|Mü (ψ; �) − ψ (�)| ≤
∣∣∣∣∣−

A − ö

ü + A
� + ü + ö

ü (ü + A)

∣∣∣∣∣ |ψ
′ (�)|

+
√

10
(

1√
ü

(A + 3) D

)

ω (ψ′; δü)

+ 10
(1
δ

1
ü

(A + 3)2D2
)
ω (ψ′; δÜ)

ψ′ E�W�Q UHHO HNVHQGH VÕQÕUOÕ ROGX÷XQGDQ |ψ′ (�)| ≤ M RODFDN úHNLOGH M > 0 VD\ÕVÕ

��
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YDUGÕU�

|Mü (ψ; �) − ψ (�)| ≤ M

ü (ü + A)

+
√

10
(

1√
ü

(A + 3) D

)

ω (ψ′; δü)

+ 10
(1
δ

1
ü

(A + 3)2D2
)
ω (ψ′; δü)

≤ M

ü2 +
√

10
(

1√
ü

(A + 3) D

)

ω (ψ′; δü)

+ 10
(1
δ

1
ü

(A + 3)2D2
)
ω (ψ′; δü)

δü = 1√
ü

(A + 3) D

RODUDN DOÕQÕUVD

|Mü (ψ; �) − ψ (�)| ≤ M

ü2 +
(√

10 + 10
)( 1√

ü
(A + 3) D

)

ω

(

ψ′; 1√
ü

(A + 3) D

)

HOGH HGLOLU YH LVSDW WDPDPODQÕU� "

7HRUHP ��� ψ ∈ [0, D] YH ψ,ψ′,ψ′′ IRQNVL\RQODUı [0, D] DUDOÕ÷ÕQGD VÕQÕUOÕ LVH EX�

WDNGLUGH�

lim
�→∞

(ü + A) (Mü (ψ; �) − ψ (�)) = (ö − A)ψ′ (�) + 1
2�ψ

′′ (�)

GÕU�

øVSDW� ψ IRQNVL\RQXQXQ � QRNWDVÕQGDNL 7D\ORU DoÕOÕPÕ�

ψ (ğ) = ψ (�) + 1
1!ψ

′ (�) (ğ − �) + 1
2!ψ

′′ (�) (ğ − �)2 + 1
3!ψ

′′′ (�) (ğ − �)3

+ 1
4!ψ

(4) (�) (ğ − �)4 + · · · ������

ψ (ğ) − ψ (�) = 1
1!ψ

′ (�) (ğ − �) + 1
2!ψ

′′ (�) (ğ − �)2 + (ğ − �)2µ (ğ − �)

µ (ğ − �) =
( 1

3!ψ
′′′ (�) (ğ − �) + 1

4!ψ
(4) (�) (ğ − �)2 + · · ·

)

Mü (ψ; �) − ψ (�) = Mü ((ğ − �) ; �)ψ′ (�) + 1
2Mü

(
(ğ − �)2; �

)
ψ′′ (�)

+ Mü

(
(ğ − �)2µ (ğ − �) ; �

)

��
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/HPPD �����¶WHQ

Mü (ψ; �) − ψ (�) =
(

−A − ö

ü + A
� + ü + ö

ü (ü + A)

)

ψ′ (�)

+ 1
2

(
(A − ö)2

(ü + A)2�
2 + 2 [(ü + ö) (ü + 2ö − A)]

ü(ü + A)2 � + 2(A − ö)2

ü2(ü + A)2

)

ψ′′ (�)

+ Mü

(
(ğ − �)2µ (ğ − �) ; �

)

HúLWOL÷LQ KHU LNL WDUDIÕ ü + A oDUSÕOÕUVD�

(ü + A)Mü (ψ; �) − ψ (�) = (ü + A)
(

−A − ö

ü + A
� + ü + ö

ü (ü + A)

)

ψ′ (�)

+ 1
2 (ü + A)

(
(A − ö)2

(ü + A)2�
2 + 2 [(ü + ö) (ü + 2ö − A)]

ü(ü + A)2 � + 2(A − ö)2

ü2(ü + A)2

)

ψ′′ (�)

+ (ü + A)Mü

(
(ğ − �)2µ (ğ − �) ; �

)

lim
ğ→�

µ (ğ − �) = 0 IRQNVL\RQX VÕQÕUOÕGÕU�

(ü + A)Mü

(
(ğ − �)2µ (ğ − �) ; �

)
≤
√

(ü + A)Mü

(
(ğ − �)4; �

)√
(ü + A)Mü

(
µ(ğ − �)2; �

)
'DKD

|QFH /HPPD �����¶WH HOGH HWWL÷LPL] Mü

(
(ğ − �)4; �

)
LIDGHVLQLQLQ KHU LNL WDUDIÕQÕ ü + A

LOH oDUSDUVDN

(ü + A)Mü

(
(t − �)4; �

)
= (A − ö) (ü + A) [ 6(A−ö)(ü+A)−4(A−ö)+(A−ö)4

(ü+A)3

+ 4(A − ö)2 − 6 (ü + A) (A + ö) + 12 (ü + A)
(ü + A)3 ]�4

+
4 (ü + ö)

[
4(ü + ö)3 − 9(ü + ö)2 (ü + A)

]

ü(ü + A)3 �2

+
4 (ü + ö)

[
6 (ü + ö) (ü + A)2 − (ü + A)3]

ü(ü + A)3 �2

+
12(ü + ö)2 [6 (ü + ö) (ö − A) (ü + A)2]

ü2(ü + A)3 �2

+ 24(ü + ö)3 (3ü + 4ö − A)
ü3(ü + A)3 � + 24(ü + ö)4

ü4(ü + A)3

ROXS lim
ü→∞

(ü + A)Mü

(
(ğ − �)4; �

)
= 0 RODFD÷Õ DoÕNWÕU� ������ HúLWOL÷LQLQ OLPLWL DOÕQÕUVD�

lim
ü→∞

(ü + A) (Mü (ψ; �) − ψ (�)) = ((ö − A) � + 1)ψ′ (�) + �ψ′′ (�)

"
HOGH HGLOLU YH LVSDW WDPDPODQÕU�

��
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6RQ RODUDN �]HULQGH oDOÕúWÕ÷ÕPÕ] Mü(ψ; �) RSHUDW|U�Q�Q IDUNOÕ ü GH÷HUOHUL LoLQ
g (�) = (� + 1) sin(π(�+1)

2 ) IRQNVL\RQXQD \DNODúÕPÕQÕ J|VWHUHQ JUDILNOHUL YH \DNODúÕPÕQ
Q�PHULN GH÷HUOHULQL WDEOR KDOLQGH YHUHOLP�

ùHNLO ����Mü (g; �) YH SDü (g; �) RSHUDW|UOHULQLQ ü = 10� ö = 1�A = 3 LoLQ g (�) IRQNVL\RQXQD \DNODúÕP
JUDIL÷L�

��
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ùHNLO ����Mü (g; �) YH SDü (g; �) RSHUDW|UOHULQLQ ü = 10� ö = 1�A = 2 LoLQ g (�) IRQNVL\RQXQD \DNODúÕP
JUDIL÷L�

ùHNLO ����Mü (g; �) YH SDü (g; �) RSHUDW|UOHULQLQ ü = 50� ö = 1�A = 2 LoLQ g (�) IRQNVL\RQXQD \DNODúÕP
JUDIL÷L�

��
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ùHNLO ����Mü (g; �) YHSDü (g; �) RSHUDW|UOHULQLQ ü = 100� ö = 1�A = 2 LoLQ g (�) IRQNVL\RQXQD \DNODúÕP
JUDIL÷L

ùHNLO ����Mü (g; �) YHSDü (g; �) RSHUDW|UOHULQLQ ü = 500� ö = 1�A = 2 LoLQ g (�) IRQNVL\RQXQD \DNODúÕP
JUDIL÷L

��
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ùHNLO ����Mü (g; �) YHSDü (g; �) RSHUDW|UOHULQLQ ü = 900� ö = 1�A = 2 LoLQ g (�) IRQNVL\RQXQD \DNODúÕP
JUDIL÷L

ùHNLO ����Mü (g; �) YH SDü (g; �) RSHUDW|UOHULQLQ ü = 1500� ö = 1�A = 2 LoLQ g (�) IRQNVL\RQXQD
\DNODúÕP JUDIL÷L

��
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ùLPGLGH \DNODúÕPÕQ Q�PHULN GH÷HUOHU WDEORVXQX YHUHOLP�

dL]HOJH ���� N (�) =
∣∣∣SDü(g;�)−g(�)
Mü(g;�)−g(�)

∣∣∣�Mü (g; �) LOH SDü (g; �) RSHUDW|UOHULQLQ g IRQNVL\RQXQD
\DNODúÕPÕQÕQ NDUúÕODúWÕUÕOPDVÕQÕQ VD\ÕVDO GH÷HUOHU WDEORVX�

dL]HOJH ���� |Mü (g; �) − g (�)| GH÷ULQLQ ED]Õ � GH÷HUOHUL YH ü¶QLQ IDUNOÕ GH÷HUOHUL LoLQ VD\VDO GH÷HUOHU
WDEORVX�

ü GH÷HUL E�\�G�NoHMü (g; �) RSHUDW|U� LOH g (�) IRQNVL\RQX DUDVÕQGDNL IDUNÕQ VÕIÕUD
\DNODúWÕ÷Õ J|U�OPHNWHGLU�

��
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�� 6218d/$5 YH g1(5ø/(5

���� 6RQXoODU

Mn (ψ;χ) RSHUDW|U�Q�Q OLQHHU SR]LWLI ROGX÷X J|VWHULOPLú� 1, t, t2, t3, t4 JLEL ED]Õ

WHVW IRQNVL\RQODUÕQÕQ RSHUDW|U DOWÕQGDNL J|U�QW�OHUL YH PHUNH]L PRPHQWOHUGHQ ED]ÕODUÕ

KHVDSODQPÕú YH VRQXoODUÕ�

�� Mü (1; �) = 1

�� Mü (t; �) = � − (A−ö)
ü+A � + (ü+ö)

ü(ü+A)

�� Mü (t2; �) = �2 − 2ü(A−ö)+A2−ö2

(ü+A)2 �2 + 4(ü+ö)2

ü(ü+A)2� + 2(ü+ö)2

ü2(ü+A)2

�� Mü (t3; �) = �3 − 3(ü+A)(ü+ö)(A−ö)+(A−ö)3

(ü+A)3 �3

+ 9(ü+ö)3

ü(ü+A)3�2 + 18(ü+ö)3

ü2(ü+A)3� + 6(ü+ö)3

ü3(ü+A)3

�� Mü (t4; �) = �4 − (ü+A)(A−ö)[4(ü+A)2−6(ü+A)(A−ö)+4(A−ö)2]+(A−ö)4

(ü+A)4 �4

+ 16(ü+ö)3

ü(ü+A)4 �3 + 72(ü+ö)3

ü2(ü+A)4�2 + 96(ü+ö)3

ü3(ü+A)4� + 24(ü+ö)4

ü4(ü+A)4

L � Mü

(
(t − �)0; �

)
= Mü (1; �) = 1

LL � Mü ((t − �) ; �) = −A−ö
ü+A� + ü+ö

ü(ü+A)

LLL � Mü

(
(t − �)2; �

)
= (A−ö)2

(ü+A)2�2 + 2[(ü+ö)(ü+2ö−A)]
ü(ü+A)2 � + 2(A−ö)2

ü2(ü+A)2

LY �

Mü

(
(t − �)3; �

)
= − (A − ö)3

(ü + A)3�
3 + 3 [(ü + ö) (2ü + 3ö − A) (ö − A)]

ü(ü + A)3 �2

+ 6 [(ü + ö) (2ü + 3ö − A)]
ü2(ü + A)3 � + 6(A − ö)3

ü3(ü + A)3 �����

��
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Y �

Mü

(
(t − �)4; �

)
= (A − ö) (ü + A) [6 (A − ö) (ü + A) − 4 (A − ö) + (A − ö)4

(ü + A)4

+ 4(A − ö)2 − 6 (ü + A) (A + ö) + 12 (ü + A)
(ü + A)4 ]�4

+
4 (ü + ö)

[
4(ü + ö)3 − 9(ü + ö)2 (ü + A)

]

ü(ü + A)4 �2

+
4 (ü + ö)

[
6 (ü + ö) (ü + A)2 − (ü + A)3]

ü(ü + A)4 �2

+
12(ü + ö)2 [6 (ü + ö) (ö − A) (ü + A)2]

ü2(ü + A)4 �2

+ 24(ü + ö)3 (3ü + 4ö − A)
ü3(ü + A)4 � + 24(ü + ö)4

ü4(ü + A)4

úHNOLQGH HOGH HGLOPLúWLU�

.RURYNLQ WHRUHPL YDVÕWDVÕ LOH Mü (ψ; �) RSHUDW|U�Q�Q G�]J�Q \DNÕQVDN ROGX÷X

J|VWHULOPLúWLU�

6�UHNOLOLN PRG�O�Q� NXOODQDUDNMü (ψ; �) RSHUDW|U�Q \DNODúÕP KÕ]Õ ∀ψ ∈ C [0, D]
LoLQ�

‖Mü (ψ; �) − ψ (�)‖ ≤ Kω

(

ψ; 1√
ü

)

úHNOLQGH KHVDSODQPÕúWÕU�

ψ IRQNVL\RQX /LSVFKLW] NRúXOXQX VD÷OÕ\RUVD�

‖Mü (ψ (t) ; �) − ψ (�)‖C[0,D] = O




(

10(A + 3)2

ü
D2
)α/2





úHNOLQGH EXOXQPXúWXU�

ψ IRQNVL\RQX W�UHYOHQHELOLU YH W�UHYL [0, D] DUDOÕ÷ÕQGD V�UHNOL YH VÕQÕUOÕ ELU

IRQNVL\RQ ROVXQ� %X GXUXPGD EHOLUOL ELU üµGHQ VRQUD�

|Mü (ψ; �) − ψ (�)| ≤ M

ü2 +
(√

10 + 10
)( 1√

ü
(A + 3) D

)

ω

(

ψ′; 1√
ü

(A + 3) D

)

ROGX÷X J|VWHULOPLúWLU�

ψ ∈ [0, D] YH ψ,ψ′,ψ′′ IRQNVL\RQODUı [0, D] DUDOÕ÷ÕQGD VÕQÕUOÕ LVH EX� WDNGLUGH�

lim
�→∞

(ü + A) (Mü (ψ; �) − ψ (�)) = (ö − A)ψ′ (�) + 1
2�ψ

′′ (�)

��
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ROGX÷X J|VWHULOPLúWLU�

6RQ RODUDN �]HULQGH oDOÕúWÕ÷ÕPÕ] Mü(g; �) RSHUDW|U�Q�Q IDUNOÕ ü GH÷HUOHUL LoLQ

g (�) = (� + 1) sin(π(�+1)
2 ) IRQNVL\RQXQD \DNODúÕPÕQÕ J|VWHUHQ JUDILNOHU 0DSOH

SURJUDPÕ\OD oL]LOLS� \DNODúÕPÕQ Q�PHULN GH÷HUOHUL WDEOR KDOLQGH YHULOPLúWLU�

�� 0D\ÕV WDULKLQGH $QNDUDGD G�]HQOHQHQ ��8/86/$5$5$6, 0$7(0$7ø. 9(

*(20(75ø .21*5(6ø1'( oDOÕúÕODQ RSHUDW|U LOH LOJLOL VXQXP \DSÕOPÕúWÕU�

���� gQHULOHU

ö YH A H÷HUOHUL DUDVÕQGDNL IDUN N�o�OG�NoH RSHUDW|U�P�]�Q GDKD L\L VRQXo YHUGL÷L

J|U�OP�úW�U� %XUDGD ö YH A GH÷HUOHULQL GH÷LúWLUHUHN GDKD L\L ELU \DNODúÕP HOGH HGLOHELOLU�

<DNODúÕP 7HRULVL oDWÕVÕ DOWÕQGD oDOÕúÕODQ EX YH EXQD EHQ]HU RSHUDW|UOHULQ J�Q�P�]

WDVDUÕP YH oL]LP SURJUDPODUÕQGD NXODQÕOGÕ÷ÕQÕ ELO\RUX] IDNDW EXQODUÕQ NXODQÕODQ \D]ÕOÕPÕQ

LoHULVLQH QH úHNLOGH HQWHJUH HGLOGL÷L YH QDVÕO oDOÕúWÕ÷Õ\OD LOJLOL QHUHGH\VH KLo oDOÕúPD

\RN� %XUDGDQ KDUHNHWOH EDKVL JHoHQ \D]ÕOÕPODU LQFHOHQLS HOGH HWWL÷LPL] EX RSHUDW|UOHU LOH

\D]ÕOÕPÕQ NRGODUÕQGD \HU DODQ RSHUDW|UOHU LQFHOHQLS NDUúÕODúWÕUÕODELOLU�

��
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�7HRUL\D PHNKDQL]PRY� L]YHVWQ\NK SRG QD]YDQL\HP SDUDOOHORJUDPPRY�� FRO�
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.2529.ø1� 3� 3�� ����� 2Q &RQYHUJHQFH RI /LQHDU 3RVLWLYH 2SHUDWRUV LQ WKH 6SDFH RI
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/25(17=� *� *�� ����� %HUQVWHLQ SRO\QRPLDOV� 8QLYHUVLW\ RI 7RURQWR 3UHVV� 7RURQWR�
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/83$ù� $�� ����� 7KH DSSUR[LPDWLRQ E\ VRPH SRVLWLYH OLQHDU RSHUDWRUV� ,Q� 3UR� FHHGLQJV
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SRO\QRPLDOV ��� � 'RNO� $NDG� 1DXN 6665 ��� ��� � ����
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%LOLPOHUL (QVWLW�V�� <�NVHN /LVDQV 7H]L� ùDQOÕXUID� ��V�
6=$6=� 2�� ����� *HQHODOL]DWLRQ RI 6� %HUQVWHLQ¶V SRO\QRPLDOV WR WKH LQILQLWH LQWHUYDO�-�

5HVHDUFK 1DW� %XU� 6WDQGDUV� ��� ��������
:(ø(5675$66� .� ����� hEHU GLH DQDO\WLVFKH'DUVWHOOEDUNHLW VRJHQQDQWHU ZLOON�UOLFKHU

)XQFWLRQHQ HLQHU UHHOOHQ 9HUlQGHUOLFKHQ� 6LW]XQJVEHU� $NDG� %HUOLQ � ��������
��������

��


