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Abstract In this paper we introduce the concepts of
pointwise lacunary statistical convergence of order o and
pointwise w,(f, )—summability of order o of sequences
of real valued functions. Also some relations between
pointwise Sj(f)—statistical convergence and pointwise
wi(f, 0)—summability are given.
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1 Introduction

The concept of statistical convergence was introduced by
Steinhaus [1] and Fast [2] and later reintroduced by
Schoenberg [3] independently. Over the years and under
different names statistical convergence has been discussed
in the theory of Fourier analysis, ergodic theory, number
theory, measure theory, trigonometric series, turnpike
theory and Banach spaces. Later on it was further inves-
tigated from the sequence space point of view and linked
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with summability theory by Caserta et al. [4], Cakalli [5,
6], Cakall1 and Khan [7], Connor [8], Et et al. [9, 10], Fridy
[11], Giingor et al. [12], Kolk [13], Mursaleen [14], Salat
[15], Tripathy et al. [16—18] and many others.

The definition of pointwise statistical convergence of
sequences of real valued functions was given by Gokhan
and Giingor [19] and independently by Duman and Orhan
[20].

In this paper we introduce and examine the concepts of
pointwise lacunary statistical convergence of order o and
pointwise w),(f, 0)—summability of order o of sequences
of real valued functions.

2 Definition and Preliminaries

The idea of statistical convergence depends on the density
of subsets of the set N of natural numbers. The asymptotic
density of a subset E of N is defined by

n—o0

1 n
O(E) = lim~ > 1(k) provided the limit exists,
k=1

where y; is the characteristic function of E. It is clear that
any finite subset of N has zero natural density and
O(E°) =1—0(E).

The order of statistical convergence of a sequence of
numbers was given by Gadjiev and Orhan in [21] and after
that statistical convergence of order o and strong p-Cesaro
summability of order « was studied by Colak [22].

By a lacunary sequence we mean an increasing integer
sequence 0 = (k,) such that h, = (k, —k,_1) — 00 as
r — oo. Throught this paper the intervals determined by 0
is denoted by I, = (k,_1, k,] and the ratio kfi] is abbreviated
by ¢,. Recently lacunary sequence have been studied by
several authors [23-33].
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Definition 2.1 Let 0 = (k,) be a lacunary sequence and
o € (0, 1] be any real number. A sequence of functions {f; }
is said to be pointwise Sjj(f)—statistically convergent (or
pointwise lacunary statistical convergence of order o) to
the function f on a set A, if for every ¢ > 0,

o1
h£n h_fHk el :fi(x) —f(x)| >e, foreveryxe A}
=0

where I, = (k,_1, k] and h* = (%) = (W, 1%, .. h?,...).
In this case we write S§ —lim fi(x) =f(x) on A. S§—
lim fi(x) = f(x) means that for every 6 > 0 and 0<a <1,

there is an integer ng such that

1
ﬁHk el : |fi(x) —f(x)|>e, forevery x € A}| <9,

for all n > no(= ny(e, d,x)) and for each ¢ > 0. The set of
all pointwise lacunary statistical convergence of order o
will be denoted by Sj(f). For 0 = (2"), we shall write $*(f)
instead of S7(f) which were defined and studied by Cmar
et al. [34] and in the special case a =1, we write Sy(f)
instead of Sj(f).

Pointwise lacunary statistical convergence of order o of
sequence of functions is well defined for 0 <o <1, but is
not well defined for o > 1. For this let {f;} be defined as
follows:
kl k=2r ’
filx) = X, r:1,2,3...,x€{0,—]

1+ k%x2 72 :

Then, both
.1
rlinoloh?Hk €l :|fi(x) — 1| >¢, foreveryxc A}

kr - krf . hr
< lim =

r—00 thf rLl’& Zhi‘ =0

and

1
lim EHk €l :|fi(x) —0|>¢, foreveryxe A}

. kr - kr—l . hr
< —_— =
ST T Mgy, =0
for a>1, and so Sj—limfi(x)=1 and

S5 —lim fi(x) = 0.

It is easy to see that every convergent sequence of
functions is statistically convergent of order o (0<a<1).
The following example shows that the converse of this
does not hold. The sequence {f;} defined by

» 2]lcx k=n’
fk X) = k 3
1 4 k2x? #n
is statistically convergent of order o with $* — lim f;(x) =
0 for o > % but it is not convergent.

@ Springer

Definition 2.2 Let 0 = (k,) be a lacunary sequence, o €
(0,1] and p be a positive real number. A sequence of
functions {f} is said to be pointwise w%(f, )—summable
(or pointwise w,(f, 0)—summable of order o), if there is a
function f such that

.1

lim - S ()~ f)P=0.
F=00 R kel xeA
In this case we write wi(f, 0) — lim fi(x) = f(x) on A. The
set of all pointwise w,(f,)—summable sequence of
functions order o will be denoted by w7 (f, 0).

Let A be any non empty set, by B(A) we denote the set
of all bounded real valued functions defined on A.

3 Main Results

Theorem 3.1 Let 0 = (k) be a lacunary sequence, o €
(0,1] be any real number and {fi},{gx} be sequences of
real valued functions defined on a set A.

(i) If S;—limfi(x) =f(x) and
Sy — lim cfi(x) = of (x),

(if) If 8§ — lim fi(x) = f(x) and S§ — lim g (x) = g(x),
then Sj — Tim (fi (x) + gk (x)) = f(x) + g(x).
Theorem 3.2 Let 0 = (k,) be a lacunary sequence and
a, € (0,1] (« < p). Then Sj(f) Sg(f) and the inclusion
is strict for the case o< f.

c € R, then

Proof To show the strictness of the inclusion
S5(f) C Sg(f), let us define a sequence {f;} by
w={eha 100 iepa
fk X) = = k 2 X € 2, 3 .
1+ k%x2 7

Then x € S)(f) for 1 <B<1,butx ¢ Si(f) for 0<a< 1.0

Theorem 3.3 Ler 6 = (k) be a lacunary sequence,

0<a<fp<1 and p be a positive real number. Then
o :B . . . .

wi(f,0) C wi(f,0) and the inclusion is strict for the case

a<f.

Proof Taking 6 = (2") we show the strictness of the
inclusion wi(f,0) C wg(]‘7 0) for a special case. For this
consider the sequence {f;} defined by

k2x2 5
fk(x): 1+ k2x2 k=n , X € [112}
0 k # n?
Then

N

1 <& 1
_oP —
; g:llfk(X) of < " —nﬁ_%—>0asn—>oo
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and

NG

—Z[fk |p>——>ooasn—>oo

and so the sequence {f;} is pointwise w,(f, 0)—summable
of order § for $ <f <1, but is not pointwise w,(f,0)—
summable of order o for 0 <o < % O

The following result is established using standard tech-
niques, so we state the result without proof.

Theorem 3.4 Let 0 = (k,) be a lacunary sequence and
let o« and B be fixed real numbers such that 0<o < f <1
and 0<p <oo. If a sequence of functions {f} is pointwise
wy (f, 0)—summable of order w, to the function f, then it is
pointwise lacunary statistical convergence of order B, to
the function f.

Theorem 3.5 Let 0 = (k,) be a lacunary sequence and
o € (0,1]. If lim inf, g, > 1 then S*(f) C S§(f).

Proof Suppose that lim inf, g, > 1, then there exists a
0 > 0 such that ¢, > 1+ ¢ for sufficiently large r, which
implies that

h, 0

7>7:> &“> Laﬁi> 51 i
k. = 1406 k) —\1+0 k» = (14 0)"h*’

If $* — lim fi(x) = f(x) on A, then for every ¢ > 0 and for
sufficiently large r, we have

kig{kgcr:vk(x)

—f(x)|>e, foreveryxcA}|

—f(x)|>¢, foreveryxcA}|

1
> kel Ifi(x)

0
(1+5) h1|{k€ ri|fi(x) =f(x)[ >, foreveryxe€A}l;

this proves the proof. O

Theorem 3.6 Let 0 = (k,) be a lacunary sequence and
€ (0, 1]. If lim sup, g, <oco then S§(f) C S(f).

Proof If lim sup, g, < oo, then there is an H > 0 such that
gr<H for all r. Suppose that Sj — lim fi(x) = f(x) on A
and let N, = [{k € I, : |[fi(x) — f(x)| > ¢, for every x € A}|.
By the definition for a given ¢ > 0, there is an ry € N such
that for O<a <1,

N <& = Ny < for all r >

— <¢ — <eg, forallr > ry.

I I, 0

The rest of proof follows from Lemma 3 in [26]. O

Theorem 3.7 Let 6 = (k,) be a lacunary sequence and

hD(
€ (0,1]. If lim inf,k—’ > 0 then S(f) C S5(f).

Proof For a given ¢ > 0, we have

kl|{k§k, fe(x) = f(x)| >, foreveryx € A}
i) —f(0) =,

h
= ket o -

1
2—|{k€1, for every x € A}

f(x)| >, forevery x € A}|.

Taking limit as r — oo, we get Sj — lim fi(x)

= f(x) on A.
O

The proofs of the following theorems are obtained by
using the standard techniques.

Theorem 3.8 Let O0<a<1 and 0 = (k) be a lacunary
sequence. If lim inf, g, > 1 then wy(f) C wy(f,0).

Theorem 3.9 Ler 0 = (k) be a lacunary sequence. If
lim sup, g < oo then wy(f,0) C w,(f).

Theorem 3.10 Let
then w(f,0) C w(f, 0).

Let 0 = (k,) and 0’ = (s,) be two lacunary sequences
such that I, C J, for all r € N,a and f be fixed real num-
bers such that 0 <o < f < 1. Now we give some inclusion
relations between the sets of S7(f)—statistically conver-
gent sequences and pointwise w*(f,0)—summable se-
quences for different o's and #'s which also include
Theorems 3.2, 3.3 and 3.4 as a special case.

O<a<l and O<p<g<oo

Theorem 3.11 Let 0 = (k,) and 0' = (s,) be two lacu-
nary sequences such that I, C J, for all r € N and let o. and
P be fixed real numbers such that 0<a < <1

@ If

o

h
,ll,r?omfgﬁ >0 (1)

then SG,(f) C S5().
(i) If
L,
= @
then Sj(f) C Sg,(f)7 where I, = (ky—1,k:], Jr = (sp-1, /],

h, =k —k._iand £, = s, — s,_1.

Proof (i) Easy, so omitted.
(@i7) Let (fi(x)) € S5(f) and Eq. (2) be satisfied. Since
I, C J,, for ¢ > 0 we may write

@ Springer
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1
E|{k e J,: fi(x) —f(x)| >¢, foreveryx € A}|
1
=£—ﬂ|{sr,1<k§k,,1 Cfe(x) —f(x)| >e, forevery x € A}
1
+ﬁ\{k,<k§s, fi(x) —f(x)| >¢, forevery x € A}

1
+Zﬁ\{k,.,1 <k <k :|fe(x) = f(x)| >¢, foreveryx e A}

krfl — Sr—1 Sy — kr

+é|{k €1 i) —F(0) >,

- o
for every x € A}
6—h 1
— 7 +ﬁ|{k€]r:lfk(x) —f(x)|>¢e, foreveryxe A}
A
_h—f+;ﬁ|{kelr:m(x)—f(x)\28, for every x € A}|
g(%—l)+%\{k61,:[fk(x)—f(x)\28, for every x € A}|
for all » € N. This implies that S%(f) C S5 (f). O

From Theorem 3.11 we have the following results.

Corollary 3.11.1  Let 0 = (k,) and 0' = (s,) be two la-
cunary sequences such that I, C J, for all r € N.
If Eq. (1) holds then

@) S§(f) CS5(f) for each o € (0,1] and for all x € A,

(i) Se(f) CSj(f) for each o€ (0,1] and for all
XEA,

(i) So(f) C So(f) and for all x € A.

If Eq. (2) holds then

(1) S5(f) C Sj(f) for each o € (0,1] and for all x € A,
(i) Sj(f) C So(f) for each o € (0,1] and for all x € A,
(i) So(f) C So(f) for all x € A.

Theorem 3.12  Let 0 = (k,) and 0 = (s,) be two lacu-
nary sequences such that I, C J, for all r € N, o and f be
fixed real numbers such that 0<a < <1 and 0<p<oo.
Then we have

(i) If Eq. (1) holds then wh(f,0") C wi(f,0) for all
XEA,

(i) Let Eq. (2) holds, f(x) € B(A) and {f} be a sequence
of bounded real valued functions defined on a set A
then wi(f,0) C wg(f, &) for all x € A.

Proof Suppose that Eq. (2) holds and {f;} be a sequence
of bounded real valued functions defined on a set A. Since
f(x) € B(A) then there exists some M >0 such that
[fi(x) = f(x)] <M for all k € N and for all x € A. Now, we
may write

@ Springer

LS - r P

Zr ked,
1 1
== D) P+ D) —f@F
r keJ,—I, xeA 15 kel xeA
b —hY, o, 1 ,
< (T )M+ Y ) —F ()]
fr ér kel xeA
b, —h? 1
< (S S e —sp
h" hr kel xeA
4, 1
< (G- X e -reor
hy 7 kel, xeA
for every r € N. Therefore w(f,0) C wh(f,6"). O

From Theorem 3.12 we have the following results.

Corollary 3.12.1  Let 0 = (k,) and 0' = (s,) be two la-
cunary sequences such that I, C J, for all r € N.
If Eq. (1) holds then

@ wi(f,0) Cwi(f,0) for each o € (0,1] and for all
X €A,

(i) w,(f,0)C w;(f, 0) for each o € (0,1] and for all
X EA,

(i) wy(f,0) Cw,(f,0) for all x € A,

Let Eq. (2) holds, f(x) € B(A) and {fi} be a sequence of
bounded real valued functions defined on a set A, then

(i) wi(f,0) Cwi(f,0) for each o € (0,1] and for all
X EA,

(i) wi(f,0) Cwy(f,0) for each o € (0,1] and for all
XEA,

(i) wy(f,0) Cwy(f,0) for all x € A.

Theorem 3.13  Let 0 = (k,) and 0’ = (s,) be two lacunary
sequences such that I, C J, for all r € N, o and f be fixed
real numbers such that 0 <o < <1 and 0<p <oo. Then

(i) Let Eq. (1) holds, if a sequence of real valued
functions defined on a set A is pointwise w{f (f,0)—
summable to f, then it is pointwise lacunary statistical
convergence of order o to the function f on a set A,

(i) Let Eq. (2) holds, f(x) € B(A) and {fi} be a sequence

of bounded real valued functions defined on a set A, if
a sequence is pointwise lacunary statistical conver-
gence of order o to the function f then it is pointwise
w[/f (f, 0")—summable to f.

Proof (i) Let wi(f,0) —lim fi(x) = f(x) on A and & > 0,
then we have
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f(x)|=e

=3 -LP> ﬂhaw«ez i)

f, ked, xeA

for every x € A}|¢P.

Since Eq. (1) holds, the sequence {f;} is a pointwise la-
cunary statistically convergent sequence of order o to the
function f on a set A.

(ii) Suppose that the sequence {fi} is a pointwise
lacunary statistically convergent sequence of order o to the
function f on a set A. Since f(x) € B(A) and {f;} is a
bounded sequence of real valued functions defined on a set
A, there exists a M > 0 such that |f;(x) — f(x)| <M for all
k. Then for every ¢ > 0 we may write

5 > )~

r ke, xcA

; e LS ) —rop
rkelxeA

r ke, —I,.xeA
< (f';ﬁh')wwiﬁ S A @I
r kel xeA
[fe(x) = f(0)F

(f TR
’ kEI XEA

-1 Mf’+
Vk(x)*f(x)\ >ex€A

lfe(x) = f ()

Vfi(x) —f ()"

1
Y >
r kel
[fi(x)=f(x)[ <exeA

> -
(f Y A \}‘ .
-\ n for every x € A hﬁ
4y MP|(k el : )| >e
(M fex) — £()]
W h? for every x € A

for all r € N. Using Eq. (2) we obtain that wg(f, o) —
lim fi(x) = f(x), whenever Sj(f) —lim fi(x) =f(x). O

From Theorem 3.13 we have the following result.

Corollary 3.13.1 Let o be any fixed real number such

that 0<a<1,0<p<oo and let 0 = (k,) and 0 = (s,) be

two lacunary sequences such that I, C J, for all r € N.
If Eq. (1) holds then

(i) If a sequence of real valued functions defined on a set
A is pointwise wi(f,0')—summable to f, then it is
pointwise lacunary statistically convergent sequence
of order o to the function f on a set A,

(ii) If a sequence of real valued functions defined on a set
A is pointwise wy(f,0')—summable to f, then it is
pointwise lacunary statistically convergent sequence
of order o to the function f on a set A,

(iii) If a sequence of real valued functions defined on a

set A is pointwise w,(f,0')—summable to f, then it is

pointwise lacunary statistically convergent sequence
to the function f on a set A,

Let Eq. (2) holds, f(x) € B(A) and {fi} be a sequence of
bounded real valued functions defined on a set A, then

(1) If a sequence is pointwise lacunary statistical conver-
gence of order o to the function f then it is pointwise
wi(f, 0')—summable to f,

(i) If a sequence is pointwise lacunary statistical
convergence of order o to the function f then it is
pointwise w,(f,0")—summable to f,

(iii) If a sequence is pointwise lacunary statistical
convergence to the function f then it is pointwise
wy(f, 0')—summable to f.
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