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ON WIJSMAN Z- LACUNARY STATISTICAL EQUIVALENCE
OF ORDER. (7, )

HACER SENGUL

ABSTRACT. The idea of asymptotically equivalent sequences and asymptotic
regular matrices was introduced by Marouf [ Marouf, M. Asymptotic equiva-
lence and summability, Int. J. Math. Sci. 16(4) 755-762 (1993) | and Pat-
terson [ Patterson, RF. On asymptotically statistically equivalent sequences,
Demonstr. Math. 36(1), 149-158 (20083) | extended these concepts by pre-
senting an asymptotically statistical equivalent analog of these definitions and
natural regularity conditions for nonnegative summability matrices. In this
paper we introduce the concepts of Wijsman asymptotically Z—lacunary sta-
tistical equivalence of order (m,u) and strongly asymptotically Z—lacunary
equivalence of order (n, ) of sequences of sets and investigated between their
relationship.

1. INTRODUCTION

The concept of statistical convergence was introduced by Fast [10] and Steinhaus
[23] and later reintroduced by Schoenberg [22]. Later on it was further investigated
from the sequence space point of view and linked with summability theory by Cakalli
[], Colak [5], Connor [3], Et et al. ([6], [1], [§], [9]), Altinok et al. [1], Istk and Altin
[15], Istk and Akbag [14], Fridy [12], Salat [24], Belen et al. [2], Sengiil ([31], [32]),
Sengiil and Et [33], Ulusu and Savag [37] and many others. Nuray and Rhoades
[19] extended the notion of convergence of set sequences to statistical convergence,
and gave some basic theorems. Ulusu and Nuray ([35], [36]) defined the Wijsman
lacunary statistical convergence of sequence of sets, and considered its relation with
Wijsman statistical convergence.

Let X be non-empty set. Then a family of sets Z C 2% (power sets of X) is said
to be an ideal if 7 is additive i.e. A, B € T implies AU B € 7 and hereditary, i.e.
A€, BC Aimplies B € 7.

A non-empty family of sets F C 2% is said to be a filter of X iff

(i) 0 & F,

(i1) A, B € F implies ANB € F,

(#it) A€ F, A C B implies B € F.

An ideal Z C 2% is called non-trivial if T # 2.
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A non-trivial ideal Z is said to be admissible if Z D {{z} : x € X }.

If 7 is a non-trivial ideal in X (X # 0) then the family of sets F (Z) = {M Cc X : (A€ ) (M = X \ A)}
is a filter of X, called the filter associated with Z.

Let (X, p) be a metric space. For any point 2z € X and any non-empty subset A
of X, we define the distance from x to A by

d(z,A) = ingp(x,a).

ae
Let (X, p) be a metric space. For any non-empty closed subsets A, A C X, we
say that the sequence {A} is Wijsman convergent to A if

lim d(z, Ax) = d(z, A)
k—o0

for each x € X. In this case we write W — lim A, = A.

Throughout the paper Z will stand for a non-trivial admissible ideal of N.

Let (X, p) be a metric space. For any non-empty closed subset Ay of X, we say
that the sequence {A} is bounded if sup, d (z, Ar) < oo for each € X. In this
case we write {Ay} € Loo.

The idea of Z—convergence of real sequences was introduced by Kostyrko et al.
[16] and also independently by Nuray and Ruckle [20] (who called it generalized
statistical convergence) as a generalization of statistical convergence. Later on
Z—convergence was studied in ([9], [30], [17], [25], [26], [27], [28], [29], [34], [38]).

2. MAIN RESULTS

Marouf [I8] presented definitions for asymptotically equivalent sequences and
asymptotic regular matrices. Patterson [21] extended these concepts by present-
ing an asymptotically statistical equivalent analog of these definitions and natural
regularity conditions for nonnegative summability matrices.

In this part, we investigate the relation between the concepts of Wijsman asymp-
totically Z—lacunary statistical equivalence of order (7, 1) and strongly asymptot-
ically Z—lacunary equivalence of order (n,u) for 0 <n < pu <1.

Definition 2.1. Let (X, p) be a metric space, 0 < n < u <1 and T C 2" be an
admissible ideal of subsets of N. For any non-empty closed subsets Ap, B C X
such that d (xz, Ag) > 0 and d (z, Br) > 0 for each v € X, we say that the sequences
{AL} and { By} are asymptotically T— statistical equivalent of order (n, ) (Wijsman
sense) of multiple L if for every e > 0,0 > 0,

o
{nEN:{]HkSn:‘d(I’Ak)—L‘ZE}
n

(z, By 25} el

. WSIHT)
In the present case, we write A, ~  By.

Definition 2.2. Let (X, p) be a metric space, 6 be a lacunary sequence, 0 < n <
pu<1andZ C 2N be an admissible ideal of subsets of N. For any non-empty closed
subsets Ay, B C X such that d(z,Ar) > 0 and d(z,By) > 0 for each z € X,
we say that the sequences { A} and {By} are asymptotically T—lacunary statistical
equivalent of order (n,u) (Wijsman sense) of multiple L if for every e > 0,6 > 0,

1 d(x,Ak) "
c—Rkel.:|——=—L| > >0 T.
{TEN 7 { € (2, Br) ‘_E} > €
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WS (0,T)
~Y

In the present case, we write Ay k-

As an example, consider

A — {x — 2yk?}, if k is a square integer
B {2z}, otherwise ’

)

{x — 3yk?}, if k is a square integer
By = .
{2z}, otherwise
sequences and let (R, p) be a metric space such that for z,y € X, d (z,y) = |z — y|

and L = 1. Since
o

d ((E, Ak)
kel,:|——=—-1|> >0
0y { ’d(m,Bk) =°f] =
forn = % and u = %, the sequences {A} and { By} are asymptotically Z—lacunary
WSH(6,T
statistical equivalent of order (n, ) (Wijsman sense) ; that is Ay 20D k-

Definition 2.3. Let (X, p) be a metric space, 6 be a lacunary sequence, 0 < n <
pu<1andZ C 2N be an admissible ideal of subsets of N. For any non-empty closed
subsets A, B C X such that d(x,Ay) > 0 and d(z,B) > 0 for each z € X,
we say that the sequences { Ay} and {By} are strongly asymptotically T—lacunary
equivalent of order (n,u) (Wijsman sense) of multiple L if for every e > 0,

{reN;}Ll,z(Z ‘W’A‘“)—LD ZE}GI.

kel, d(gja Bk)

WNE[6,7)
~J

In the present case, we write Ay By..

As an example, consider the following sequences

)

{z — 2y%k}, if k is a square integer
Ay = {£} otherwise
2 b

)

{z — 5y%k}, if k is a square integer
By, = {£} otherwise
PBR

and let (R, p) be a metric space such that for z,y € X, d(x,y) = |z —y|, L = 1.
Since

7 (2

kel

d(z, Ay) g
d(x,Bk) B 1’) Z €

forn =1 and p = %, the sequences {Ay} and {Bj} are strongly asymptotically

. .. . WN}[0,Z]
Z—lacunary equivalent of order (7, 1) (Wijsman sense); that is Ay ~ ~  Bi.

Theorem 2.1. Let (X, p) be a metric space, 0 < n < p < 1,0 = {k.} be a lacunary

sequence and let Ay, By be non-empty closed subsets of X.
, WNE9,T] WSH(0,T)
Z) IfAk ~ Bk, then Ak ~ Bk,
- WSk (0,T) WNE[0,T]
i) If Ay, ~ " By and {Ar} € Leo, then Ay, A~ " By forn = p.

Proof. Omitted. O



ON WIJSMAN Z— LACUNARY STATISTICAL EQUIVALENCE OF ORDER (7, x) 95

Theorem 2.2. Let 0 < n < pu < 1. If 8 = {k,} is a lacunary sequence with
. WwSIHT) . . WSH(6,T)
liminf, g. > 1, then Ay ~ ~ By implies Ay ~ By,.

Proof. Let Ay, By be non-empty closed subsets of X. Suppose first that lim inf,. ¢, >
1; then we have ¢, > 1+ A for A > 0 and sufficiently large r. So we can write

E>L:> & n> L n:i>Li
k. — 14X k) = \14+A k= (L+X)" R
WSH(T)
If Ay, ~ ~ By, then for every ¢ > 0 and each x € X, we have

d(‘raAk) d(vak)
k<k,:|———~ —L|> kel :|————<-—L|>
{ = de By ‘—} { © ‘d(x,Bw :
For ¢ > 0, we have

m

v

k!

A1 d(z, Ag)
> L = >
= (1+A)"h?’{k€[r ‘d(x,Bk) Lize

1 d(m,Ak) "
] r —L| > >
{reN 7 {kEI ’d(x,Bk) L‘ E} 1)
1 d(.T,Ak) " O
- P — <k, —L| > T
< {renig|{ess ’d(x,Bw ‘—} S

This completes the proof. [

Theorem 2.3. Let 0 <n < p < 1. Iflim,_, inf Z—"] > 0 then Ag wa@ By, implies
W SH(6,T)
ko~ k-

Proof. Let (X, p) be a metric space and Ay, By be non-empty closed subsets of X.
If lim, _, o inf Z—”"l > 0, then

d(x,Ak) d($7Ak)
<k - — L > I |2k ) >
{k‘kT ‘d(%Bk) o B R P Rl
1 d(z, Ay) 1 d(xz, Ay) .
— RE<Ek :|— =L~ L| > > —Rkel,:|——<—-L|>
k{ < ‘d(x,Bk) ‘EH = k{ <@ Br) ¢
hnl d(l‘Ak) ®
= L= IL:|——<—-L|>
Ky 1T {ke @By YT
So
1 d(iE,Ak) K
N: — kel :|——4—L|> >4
rems gpl{re e [zmg 2=} >
1 d(l’,Ak) hl
C k<K |—22 >l >s2teT
< fremg e n i a2 2o e
. WSH(0,1)
which implies that A ~ By,. O

Theorem 2.4. Let (X, p) be a melric space and Ay, By, be non-empty closed sub-

sets of X. If 0 = {k.} is a lacunary sequence with limsup% <o (5=
WSk (0,1) o WSH(T)

1,2,...,7), then Ay ~ By implies A, ~ = By.
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Proof. If hmsupM < o0, then there exists a 0 < B; < oo such that
7‘71
(kj—kj—1)" o WS, (0,1)
< Bj, (j = 1,2,...,r) for all r > 1. Suppose that Ay ~ By,
r—1

and for €, 4,1 > 0 define the sets

{keIr:‘Z(x’Ak)—L‘>s}

Cz{reN (. Br)

H<§}e]—'(I)

m
<a}.

1
hn
and

1 d(z,Ax)
= . — < | — — >
T {nEN n"Hkn ‘d(m, N L’s}

Further we can write

1 d(z, Ar) "
; el : —L| >
a; = h" {kz ‘d(l',Bk) > e <4d
for all i € C. Let n € N be such that k._1 < n < k, for some r € C. Now
T Ak) . d(‘raAk) .
— : —L| > < < |——= —L| >
L o R N I S LT e R
1 d(x,Ak) "
< L:|—=—-L| >
= R {’“El ’d(x,Bw =g
d(l‘,Ak) i
I, :.|——=—L| >
TR {ke ' ’d(x,fm =°
k‘n 1 d(l‘,Ak) .
= el —L| >
gl a1 =)
(ky — k)" 1 { d(z, Ag) ’ }”
+—t— keI — <~ —L|>¢
kT, Al 2 d(z, By)
(kjr—k‘r 1)77 1 d(.’E,Ak) K
e — I, —L| >
et T P d By =
n _ _ n
< Supai'k:1+(k2 kp)" J;...+(kr kr_1)
; k
eC r—1

< supa;(B1+ By + ...+ B,;) <5ZB
e
j=1

Choosing 61 = and in view of the fact that U{n : k.1 <n <k, , reC} CT

H'Ms .

J

where C € F(Z ) Thus T € F(Z) is obtained. O

Theorem 2.5. Let Ay, By, be non-empty closed subsets of X and n1,1n2, 11 and pa
W N#2(0,T]
be positive real numbers such that 0 < ny < no < uy < uo < 1, then Ay L k
S WN1(6,1]
implies Ay ~ By, but the converse doesn’t hold.
Proof. The first part of the proof is easy and so omitted. To show the converse;
define two sequences { Ay} and { By} and consider metric space (R, p) such that for
z>1,
Ay = {m2+x—2}, if k is square
{z}, otherwise
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B — {1}, if k is square
F7 {0},  otherwise

WNkL[6,T] 1 WN§2[0,1] 1
Then A ~ By, for no = 1 = 5 but Ay £ By, for my = 7, po =1,

and L = 0. O

The following result is a consequence of Theorem 2.5.

Corollary 2.6. Let (X, p) be a metric space, 0 = {k.} be a lacunary sequence,
0<m <my <y < pe <1 and Ay, B be non-empty closed subsets of X.

WN,, [0,Z o WN,,[0.T
(1) If Ay 10,71 By, implies Ay, (7] By, for p1 = po = 1.
WN,, [0,Z] WNI[0,T

(i) If Ay ~ By, implies A, ~ ] By forme = pup = pg = 1.

Theorem 2.7. Let 11,12, u1 and pe be positive real numbers such that 0 < n; <
W S2(0,7) WSt1(0,7)
N < py < ug <1, then Ay ~ By, implies Ay ~ By, but the converse

doesn’t hold.

Proof. The first part of the proof is easy and so omitted. To show the converse;
define two sequences { Ay} and {By} and consider metric space (R, p) such that for
x> 1,

s {@w R @22+ =}, ik <k <kt [VA]
{(0,0)}, otherwise

)

B = {(m,y)6R27(x+2)2+y2=k2}, ifkr71<k<kr71+[ hr
= \
{(0,0)}, otherwise
WSE1(6,7)
Then Ay A By, for o = py = % but Ay By, for ;1 = %, I

WSt (0,T)
2 =1
and L = 1. O

Corollary 2.8. Let (X,p) be a metric space, 8 = {k.} be a lacunary sequence,
0<m <me < <pus <1 and Ay, Br be non-empty closed subsets of X.

WSy, (6, . WSy, (0,
(i) If Ay (0 By, implies Ay, 20D By, for 1 = po = 1.
WS, (0,
(i) If Ay (D By, implies Ay, waigD By formo = pup = pg = 1.

In [I1], Tt is defined that the lacunary sequence 0 = {s,} is called a lacunary
refinement of the lacunary sequence 6 = {k,} if {k,} C {s,}. In [I3], the inclusion
relationship between Sg and Sy is studied.

Theorem 2.9. Suppose 0 = {s,.} is a lacunary refinement of the lacunary sequence
0 = {k.}. Let I, = (ky—_1,kr] and J. = (sp_1,8], r = 1,2,3,.... If there exists
€ > 0 such that for 0 <my <mo < 1 < pe <1 and
| 75]™
|Ii|771

> € for every J; C I; ,

WSh2(0,7) ) ‘ wshi(0',T)
then Ay ~ By, implies Ay, ~ By.
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Proof. For any € > 0 and every J;, we can find I; such that J; C I;; then we can

write
d(x, Ay) - || 1 d(z, Ay) "
—— ke J | — % —L| > = keld,:|—————=—L| >
;" { N ‘d<x,Bk> ‘—} )\ ) (7S a3y 7 7
) () (e e it - o= <]
< kel,:|———<%—L| >¢
- (IJJ‘I’” 1I;|™ d (z, By)
1 1 d(x, Ay) Hz
) (— I;: —L|>
(6) <|fi|m)’{ke ' ’d(%Bk) '_8} 7
and so
en: 2 |fhey @A s TS
r : i —
| ;" ? 7 |d(x, By) - -
1 d(l’,Ak) He
C N: | —= kel,: | ——< —L| > >4 T
- {TE (IM’“)H © ‘dw,Bk) ‘—} f©
This completes the proof. O

Theorem 2.10. Suppose 6 = {k.} and 6/ = {s,} are two lacunary sequences. Let
IT = (kir_l,kr], JT = (ST—].) ST] , T = 1,2,3, N and Iz'j = Ii N Jj, Z,j = 1,2,3, [f
there exists € > 0 such that for 0 <my <mo < < ps <1 and
| 235"
‘Iirh

> € for every i,j =1,2,3, ..., provided I;; # @,

WSk2(6,7) wsk1(6',T)

then Ay ~ By, tmplies Ay, ~ By.
Proof. Omitted. O
Theorem 2.11. Let 8 = {k,} and 0" = {s,.} be two lacunary sequences such that

I. C J, for allr € N and let n1,m2, u1 and pg be such that 0 < mp < mo < pg <
K2 S ]-7

(i) If
... hn
Tl;rgo inf e >0 (2.1)
wsk2 (o' T WSk (0,T)
then A "2r\§ ) By, implies Ay, £9 s
(ii) If
.l
WSk2(6,T) wsk1(6',T)

then Ay ~ By, implies Ay, ~ ' By, where I, = (ky—_1,k.], J =
(57"—1757*] ) hy =k — kr—h by =5, — 5p_1.

Proof. (i) Omitted.
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WSE2(0,7)
(7i) Let Ag ~ By, and (2.2) be satisfied. Since I, C J;, for € > 0 we may
write

A lfrea [tem s )
( )

H1

vt 1212

-|-i k,<k<s ( ) —L| > "
o ST = (@ Br) c
1 d(z, Ay)
— L) | >
o d(, By) ‘—6}
(]{3»,-,1 - 87‘71)M1 (Sr - kr)ul
" T

— kel :|———=—L|>
+w2{ € (@ By ‘—5}

kr—l ;257“—1 + Sy — kr
144 02

d(z, Ax)
I, —L| >
W2{ke iz By | 7°
£, — h, 1

= T T

bo—hr 1
S h;}z + thh

1
F’Q

H1

+ {kr_1<k§kr:‘

IN

M1

IN

M1

H2

and so

1
{TEN:KP

1
g {TGthl

ws
for all » € N. This implies that A N By. O

Theorem 2.12. Let 0 = {k,} and 0" = {s,} be two lacunary sequences such that

I, C J. for all r € N, n1,m2, p1 and pe be fived real numbers such that 0 < n; <
WNk2 [0’,1] WSEL(6,T)
2 < py < po < 1. Let (2.1) holds, if Ay A By, then Ay ~ By.

Proof. For 0 <n; <no < pp < po <1ande >0, we have

d(z, Ar) He H ’d(l‘,Ak) ‘ } -
G0l s {per . |5 26) phs U om
k;'r d(quk) d(xaBk)
and
1 d(z, Ay) " | d (2, Ar) "
— ol > kel . |20 20 s m
iz k; d(z, By) S ) B e Sl il B
Al 1 d(z, Ag) o
= I kel |90 2k) s m
AN { © ‘d(smBk) “8} :
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and so
1 (z, Ag) s
N: kel,:|—————=%—L| > >0
{Te h"l{ : ‘ a(z, By) ‘—} -
1 (:L' Ak) H2 hm
C P — —L| >eMy—-r- T.
- reN iz Z (m Br) > e iz €
ke,
WNk2 [0.7] WSEL(6,T)
Since (2.1) holds it follows that if Ay A By, then Ay, ~ By,. O
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